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Chapter 1

FORMULATION OF
QUANTUM MECHANICS

In order to quantify a physical system, a mathematical apparatus has to be iden-
tified. In classical mechanics we became used to identify objects with points r;
in the three-dimensional Euclidean space. These points change in time according
to a differential equation mi¥ = F (Newton’s law, 1687). This guarantees, that
for a known initial position and velocity, any possible observable can be precisely
determined for all future times. The long success story of this deterministic con-
cept in describing macroscopic processes, such as for example the falling of apples,
trajectories of canon balls, or the movement of planets, has essentially formed our
conceptual understanding of nature. However, plenty of physical effects, such as
the presence of discrete lines in the hydrogen spectrum, as described by Rydbergs
law 1888 at Lund University] (generalizing earlier work by Balmer) or the Stern-
Gerlach experimentE] (1922), see Fig. , indicate, that measurements of physical
quantities often provide results, which cannot be explained in terms of classical

mechanics.

With the observation by Max Planck in 1900, that the spectrum of black-body
radiation can only be understood, if one assumes, that the energy of the radiation

is quantized in portions Aw, physicists left the world of classical mechanics. In the

!See http://www.fysik.lu.se/english/history/janne-rydberg-and-his-formula/
2See B. Friedrich and D. Herschbach, Physics Today 56(12), 53 (2003) for its historical context


http://www.fysik.lu.se/english/history/janne-rydberg-and-his-formula/
http://dx.doi.org/10.1063/1.1650229
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Figure 1.1: Sketch of the Stern-Gerlach experiment (figure by Theresa Knott from
Wikipedia). Silver atoms with a magnetic moment pp are transversing an inho-
mogeneous magnetic field which exerts a force depending on the orientation of the
magnetic dipole with respect to the field. This provides a splitting of the trajec-
tories of the atoms depending on the z-component of their magnetic moment (the
z-direction is chosen as the direction from S to N in the apparatus, which is oppo-
site to the direction of the magnetic field in the center). While one would expect
a continuous distribution of deflections for a random orientation of the magnetic

moment, only two different deflections are observed.

following 30 years the concepts of quantum mechanics were developed, as we use
them today.

Central to its formulation is to use a new mathematical apparatus, where one
introduces the complex vector space of kets for the description of physical systems.
Motivation is for example given in section 1.1 of Modern Quantum Mechanics by
J.J. Sakurai, drawing on the analogy between the Stern-Gerlach experiment and

the polarization of electromagnetic waves.

1.1 The ket space and the state of a quantum

system

In order to formulate a physical theory, an appropriate mathematical formalism

has to be identified. In the case of Quantum Mechanics this is the algebra of a
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complex vector space with inner product, which we refer to as ket-space here. In
the following, the main properties of this mathematical concept are presented with

a focus on applications towards quantum mechanics.

1.1.1 Axioms of the ket-space

A vector space contains a class of objects |¢) (called vectors or, in our case also
kets) and a field of numbers « (here the complex numbers) satisfying the following

axioms:

e The addition of two arbitrary states |¢1) + [p2) = |¢3) is a further state and
|d1) + |P2) = |p2) + |P1) holds (commutative addition).

e The addition of three arbitrary states does not depend on the sequence, i.e.

([@1) + [d2)) + [@3) = |¢1) + (|@2) + |¢3)) (associativity).

e There exists a null state |null) satisfying |¢) + |null) = |¢) for all states |¢)

(it can be shown that there is only one such state).

e For every state |@) there exists an inverse state |¢), so that |¢) +|¢) = |null).

Conventionally, one writes the addition of an inverse state as subtraction of

the state, i.e. 1) — |¢da) = [d1) + |@2).

e A state multiplied by any complex number a € C, a|p;) = |¢2) is another
state. In particular 1|¢) = |¢) holds.

o (a+B)|p) = a|p) + B|o) and af|¢1) + |p2)) = al¢r) + al|py) for arbitrary
states |¢;) and complex numbers «, 8 € C (distributivity).

(ap)|o) = a(B|¢)) for arbitrary states |¢) and complex numbers a, 3.

These axioms of a vector space (as taught in linear algebra) provide the well-known
calculation rules used for geometrical vectors in the three-dimensional Euclidean
space. However, a major difference (besides the dimensionality) is, that we here
deal with a vector space with the field of complex numbers, while the Euclidean

space is based on the field of real numbers. This difference is indeed essential for
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the very nature of Quantum Mechanics! On the practical side, it implies a few
complications when defining the inner product (¢1]|¢2) between two states, which
now has a complex number as a result. The inner product satisfies the following

axioms (see any textbook on linear algebra)

e (¢|¢) is real and positive, unless for |¢) = |null), when the result is zero.

One usually calls \/(¢|¢) as the norm of |¢).

o (P1|p2) = (d2]|¢1)”

e For |¢3) = a|p1) + Bl¢p2) the following rules hold:
(p|lops) = a{p|p1) + B(d|pa), which is intuitive, and
(p3]P) = a*(P1|d) + B*(pa|@), which is often forgotten and leads to common

errors!

1.1.2 The dual space and bras

For a given ket |¢), we can define the mapping

(V) = fo(I¥)) = (o]¥)

which maps each ket onto a complex number. Moreover this mapping f,(|¥)) is

linear as
f¢(0&1|‘111>+062’\112>) = a1f¢(|\111))+042f¢(|\112>) for all kets |\I/1>, ’\I]2> and Oéﬁ eC.

In the other direction one can show that each linear mapping from the ket-space
into the complex numbers can be written as (¢|¥) with an appropriately chosen
ket |¢). Thus there is a one-to-one correspondence of ket states |¢) and the linear
mappings, which themselves form a vector space, called the dual space. (In order
to show this, one has check at all the axioms for the vector space on page |3| are
satisfied for the mappings.) Physicists call these mappings as bras and denote
them by the symbol (¢|, which has now become an identity on its own outside
the inner product. However their main usage is in a inner product when (¢|V¥)
is a number. (Phonetically this product is a bra(c)ket which is the reason for
the choice of names.) As mentioned above there is a one-to-one correspondence

between states |¢) and mappings (¢|, which is called dual correspondence.
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Note that from the properties of the inner product we have

|0) = cul¢n) + aalda) = (9] = a1 (] + a5{d| (1.1)

Thus some care is needed in determining the dual correspondence of more compli-
cated expressions. (This will be even worse, when operator relations are considered
later.)

1.1.3 Bases

A central feature of any vector space is the existence of a basis {|a;)}, which is a

set of kets. This allows to construct any arbitrary ket |¢) in a unique way as

) = cila;) with ¢ €C. (1.2)
For a vector space where the inner product is defined, it is possible to construct
an orthonormal basis (ON-basis), satisfying (a;|a;) = d;;. Note, that there plenty
of different ON bases! In the following we will only consider ON bases. Then we
can easily determine the expansion coefficients ¢; in Eq. by multiplication
with the bra (a;| from the left, resulting in ¢; = (a;|¢). Inserting this result into
Eq. provides |¢) = >, |a;)(a;|¢). As this holds for any state |¢), we identify
the

completeness relation Z la;){a;] =1 for any ON basis {]a;) } (1.3)

i
(sometimes also called closure relation) which is a very important tool used in

many algebraic transformations.
As a first example we consider
640 = 1 () ) = 3 (o) ) = 3 et = T
Thus the norm (¢p|¢) is given by the sum of absolute squares for the expansion

coefficients with respect to an ON basis. In particular we find:

G =1 & Slaf=1.
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1.1.4 Physical states and measurement

The main concept of quantum mechanics is the following assumption

1. Any physical state is identified by a ket |¥) with norm 1, i.e., (¥|¥) = 1.

2. An ideal measurement provides real measurement values «,, associated with

physical states |a,), which form a ON basis of the ket-space.

3. For an arbitrary state |V), the probability to observe the result o, in a mea-

surement is given by P, = |(a,|¥)|*.

As {]a,)} is an ON basis we can write

B) =) enlan) with ¢, = (a,|®) (1.5)

and the normalization of |¥) satisfies the requirement that sum of probabilities
for all possible outcomes >~ P, = > |c,|? =1 is indeed one, where Eq. (1.4) is

used.

What happens after the measurement? Once the measurement is performed, and
the system was identified to be in the state |a,), the state vector instantaneously

"collapses” to the state |¥) = |a,), corresponding to the newly gained knowledge.

This appearance of probability is quite different from classical physics, where the
outcome of any measurement is uniquely defined®} In contrast, fortuitousness is a

fundamental property of quantum mechanics.

FExample: Stern-Gerlach experiment with magnetic field in 2z direction, see Fig.

This experiment measures the z-component of the magnetic moment
1t,. The measurement provides two possible outcomes p, = —ug = oy
and pu, = up = a9, which correspond to observing the atom in the

upper and lower dot on the screen, respectively. These measurements

30f course some uncertainty exists in practice but in classical physics one assumes that this

always can be reduced by better preparation and measurement techniques.
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are associated with the states |a1) = | 1.) and |ag) = | |.). If the

incoming atom is in the state

V3

) = %\ )+ 5l de) (1.6)

one detects the atom in the upper dot on the screen (i.e. one measures
the value p, = —pp of the magnetic moment) with a probability of 25%
and with 75% in the lower dot of the screen (i.e. measuring p, = pup).

No other values of u, can be measured in an ideal apparatus.

Comment on degeneracy: For simplicity, it was assumed that each measurement
value «,, corresponds to a single state |a,). The opposite case is called degeneracy,
when several different states |a,;) show the same measurement values «,,. These
states can be discriminated by a different measurement, with results 3;, so that
one needs two (or even more) measurements for a complete characterization. In

this case the sums given above have to run over two indices n, i.

Comment on interpretation: The rules given here are sometimes referred to as
the Copenhagen interpretation of quantum mechanics. Up to now they are in
excellent agreement with experimentsE] On the other hand it is fair to say, that
these rules appear rather awkward and consequently there is a vivid discussion
about ’deeper’ interpretations and possible alternate formulations. However none
of these attempts has been proven helpful for a better explanation of physical
results yet.

1.2 Operators and Observables

An operator A transforms kets into other kets. Here we consider only linear oper-

ators, which are defined by the property
Ala|dy) + Bl2)) = ad|py) + BA|¢s)  for all kets |py), |¢2) and numbers a8 € C.

Operators can be simply added, providing new operators.

4A highlight was the confirmation of the predicted violation of the Bell inequalities by A.
Aspect and his team in 1981/82
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The multiplication of operators C = AB is defined as the operator transform-
ing each ket |¢) into the ket A(B|¢)). In contrast to the addition of operators,
the multiplication is not commutative. The difference between the two different

sequences is a new operator called

commutator: [A, B] = AB — BA (1.7)

In contrast, the associative law (AB)C' = A(BC) holds for the multiplication of

operators.

1.2.1 Matrix representation

As already discussed in section [1.1.3] one can identify any ket |¢) with a set of
numbers ¢, ¢y, . .., once a basis {|a,)} is defined. In the following we restrict to
ON bases and then we find ¢,, = (a,|®).

Similar, we rewrite an arbitrary operator A as
A= \ai><ai\> A < \aj><aj!> =) la;) {ailAla;)(ay] (1.8)
(= Al ) 7 S )

which maps the operator to a complex matrix A;; in the same way as Eq. (1.2
maps a ket to column of indices ¢;. Thus, for a given ON-basis {|a;)} we can
represent the bras, kets, and operators in the following form:
C1 A Ap
o) = | 2 A— | An Apn - <¢|—>(c’{ c )

This is called matriz representation. Then, for a state |¢') = >, ¢i|a;), we find

) A A -0\ [a
) =Alo) <= || =[An An ||
and, for |p) =Y. dila;),
&1

(loh = (di a5 ) | 2
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Thus, everything can be calculated using simple matrix multiplications. Remem-

ber, however, that
(1) the matrices depend on the basis chosen

(ii) the simple relations A;; = (a;|Ala;) only hold for ON bases.

1.2.2 The adjoint operator

Now we want to study how the operators act on bra states. We start with the
expression (¢ |A|q§1> which can be read as the prescription “calculate first the linear
transformation |¢}) = A|¢;) and then the inner product (¢,|¢}).” Alternatively
we may consider the object (¢2|fl as a mapping f of the ket space into the complex
numbers. This mapping is obviously linear and according to Sec. [I.1.2]it thus can
be associated with some bra (¢,| with the suggestive notation (¢s] = (¢|A.

Now we consider the ket |¢y) associated with (¢s| and look for its relation to the
original ket |¢y). The mapping |¢s) — |ps) is linear, and therefore it can be
associated with a new operator B, so that |¢s) = B|ps). As the new operator
B is uniquely defined for any operator A, one writes B = A" and it is called the

Hermitian conjugate or the adjoint of A. In short:

(¢| = (#|A is the dual correspondence of |¢) = Af|¢) . (1.9)

This concept is very difficult to grasp in the beginning — let us therefore try to

describe it again in different and perhaps more simple terms:

According to their definition, operators always act to the right, on the kets. If we
now want to think about, how an operator A acts on the bra’s, we realize that it

does it in the same way as its adjoint operator AT acts on the kets, which is just
Eq. (L.9).

If this yet appears un-understandable, try the following: If you want to simplify
an expression like <<b|121, you can replace it by the bra <<5| where the corresponding
ket satisfies |@) = Af|¢).

With <<;~52| = (¢2|121, we prove the important relation

<¢2’A|¢1>* = <952|<I51>* = <¢1‘<52> = <¢1’AT|¢2> (1-1())
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Thus we obtain the matrix representation of the adjoint operator Ajj = A7;, which

is just the transposed and complex conjugated matrix of the original operator.

For the operators of the special form A = |¢;)(¢s| we may determine the adjoint
directly by considering its definition (1.9). We find

(0] = (6A = (¢lo1) {02l
and thus the corresponding ket reads by Eq. (1.1

16) = ((611))"|d2) = |62 (1| 6)
W—/
— At

where we used the definitions of the inner product. Thus we have the relation
([¢1)(92])" = |02) (1] (1.11)

Furthermore the relations

(AN =4 (1.12)
(AA)T =A* AT where \ is a complex number (1.13)
(A+ B)t =A" + B (1.14)
(AB)t =BT Af (1.15)

hold, which can be easily shown, see the exercises.

1.2.3 Hermitian operators

An operator A is called Hermitian or self-adjoinﬂ if At =A.

For Hermitian operators A the matrix representation satisfies Aij = A3, for all ON
bases, see Eq. (1.10). Now we know from linear algebra, that such matrices can
be diagonalized by a change of basis. Thus:

For Hermitian operators A, there exists a special ON basis {|a;)} for which A4;; =
Aid;j; is diagonal. Thus
A= Nilag)(ail (1.16)

These states |a;) are the eigenstates and the \; are the corresponding eigenvalues

of the operator A.
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In practice this basis can be constructed by calculating the eigenvalues and eigen-

columns of the matrix A;; in an arbitrary basis.

Regarding the eigenstates of different Hermitian operators A, B, there is an im-
portant theorem about commuting operators proven in textbooks (e.g. section 5.4

of Bransden and Joachain):

There exists an ON-basis of kets {|a,)},
[A, B’] =0 <= where each ket is eigenstate of (1.17)
both operators A and B

Note that [121, B] = 0 does not imply, that any eigenstate of A is also an eigenstate

of B. In general, this only holds for certain sets of eigenstates.

1.2.4 Unitary operators

An operator U is called unitary if Ut =1.

This means, that U is the inverse operator for U, often written as U~* = Ut. An

equivalent definition reads

The application of unitary operators does not change the norm of arbitrary kets.

U is unitary < |¢') = U|¢) implies (¢'|¢') = (¢|¢) for all kets |@)

The right direction is easily shown by

(@] = (|UTU|¢) = (¢]9)

The left direction is slightly more complicated, as one has to show that all matrix
elements satisfy (a|UTU[b) = (a|b), in order to indentify UTU = 1. For this purpose
we consider the state |¢1) = |a) + |b). Then (¢}|d]) = (¢1]¢1) implies

(a'la) + (a'[b) + (V']a’) + (V'|b') = (ala) + {alb) + (bla) + (b]b)
As (d'|a’) = (a|a) and (V'|b') = (b|b), we find

(a|UTT1b) + (0|UTTa) = (alb) + (b]a)
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Considering |¢p2) = |a) + i|b) provides in the same way
(a|UTTb) — (b|UTTa) = {alb) — (bla)
Adding both equations results in
(a|UTT|b) = (a|b) for all kets |a), |b)

and UTU is the unit operator.

1.2.5 Physical observables

A physical property of a system, that can be observed or measured directly, is called
an observable. According to the main postulates of quantum mechanics (Sec.
the possible measurement values «,, for an observable are related to specific states
|a,,), which form an ON basis of the ket-space. Now we want to associate Hermitian
operators with observables. With the definitions of Sec. [[.1.4] and particularly
Eq. , we find the we find the expectation value of the measurement values for

an arbitrary quantum state |U)

(@) = Py =Y el =Y (U]ay)an(an|T) = (T|A]D) (1.18)

n

with the Hermitian operator
A= "|an)an(an| (1.19)

This suggests to relate observables to the appropriate Hermitian operator. On
the other hand, any Hermitian operator can be written in the form ((1.19), which
allows us to directly identify observables with Hermitian operators. Later we
will see many examples such a the position operator, angular momentum, or the

Hamilton operator providing the energy of the state. Here we note:

e The real eigenvalues of the Hermitian operator are the possible outcomes of

the measurement.

e The eigenstates are states in which the respective outcome of the measure-
ment is obtained with 100% probability.
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Ezxample: Operators and expectation values of the Stern Gerlach experiment

According to Eq. (1.19)) the operator for the z component of the mag-

netic moment 1s

with eigenvalues +pup, where pup is the Bohr magneton, the atomic
unit of the magnetic moment. The expectation value (V|n,|¥), see
Eq. (1.18) is easiest calculated in matrix representation, where we find

R (. . —pp 0 Crz
(Wl 9) = (i, ) ( 0 MB> (%z)

Inserting the state

W=+ - (I) - <¢§§2>

provides pp/2 in agreement with adding the probabilities.

Example: Calculation of the eigenstates for the operator ji,
As we will later see, the operator of the magnetic moment in = direction
is
In matrix notation, with respect to the basis {| 1.),| {.)}, this is

O _
fle — (—uB gB) (1.20)

We determine the eigenvalues A of this matrix by the equation
B
det 1o =0= )\ =3
—pup  —A
and find the eigenvalues +up which are the possible outcomes of a

measurement (in this case corresponding to two dots on the screen
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after the atoms have passed an inhomogeneous magnetic field in z

direction). The corresponding eigen-columns of the matrix are given

by
—A  —uB C1 —0
—pp = Co

which provide the (normalized) eigenstates as

B 1/v2 1

B ~1/V2 1

Sl

Thus measuring the z-component of the magnetic moment by an appro-
priate Stern-Gerlach apparatus projects the system onto one of these

two states.

1.2.6 Relevance of complex phase for quantum states

Let us consider the three states

o =21+ 21

o=+ 2 L)

W) 1)~ 12 1) = i)

which all have identical absolute squares |c;|* of the expansion coefficients in the
basis {| 1.),| 4.)}. Thus all states have identical probabilities to find the system
in | 1,) and | {.). In the same spirit, the average outcome of a measurement of
the z component of the magnetic moment is the same. Thus one might conclude
that these states represent the same physical system. However for a measure-
ment of the magnetic moment in x direction, a straightforward calculation us-

ing the matrix representation (1.20)) provides (V| |V) = (Va|rn,|Vs) = 0 while
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(Uq | |Vy) = %g,uB. Thus the states |¥) and |¥;), where the relative phase be-

tween the coefficients ¢; and ¢y is different, can be distinguished by an appropriate
measurement and do not represent the same physical system.

On the other hand, the relative phase between the coefficients ¢; and ¢, is identical
for the states |¥) and |WUy), as |¥y) = €?|U), with ¢ = —7/2. Now we show
generally that the two states |¥y) = e'?|¥) and |¥) have identical expectation

values for all possible operators A. Indeed
(Wo A|Wy) = (W]e™ A | W) = e e (W|A| W) = (V|A|D)

Thus, two states |¥) and |¥,), satisfying |[¥,) = e!?|¥), have identical properties

for all possible measurements and cannot be distinguished.

1.2.7 Continuous spectrum and position operator

Many observables, such as a position x in space, are continuous variables. De-
scribing a physical observable there is an operator  with eigenvalues x and corre-

sponding eigenstates |x). Thus
z|r) = z|x) (1.21)

In contrast to the states |a,) considered before (which could be numbered with
natural numbers n = 1,2,3...), continuous variables cannot be described by sums.
While a thorough description is mathematically complicated, we state here only

that the inner product between the basis state reads
(x|z") = d(x — o) (1.22)

where 0(z — 2’) is Dirac’s delta function and the completeness relation (1.3) be-

/dx|x><x| =1. (1.23)

For an arbitrary quantum state we may write

vy = / dez) (2] )
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and |(z|¥)|*Az is the probability to observe the quantum system in the interval
(x,r + Ax). With other words, [(x|¥)|? is the probability density. Thus, we can

identify the well-known wavefunction as
U(x) = (z|T) (1.24)

which is just the representation of the kets in the basis of position eigenstates, also

called spatial representation.

Let us assume that the position operators of different spatial directions commute
with each other, i.e.,

[Z,9] =[2,2] = [2,9] = 0. (1.25)
We then can, according to , find a set of basis states, labeled |z, y, z), which
are eigenstates of all three spatial operators, with respective eigenvalues z,y, z.
These are usually combined to the spatial vector r. In this way, we obtain ¥(r) =

(x,y,z|¥) in the three-dimensional space. Then the inner product between two

states reads

(1) = [ (@) e|s) = [ @ i) wa)

where we inserted the completeness relation ((1.23)

1.2.8 Function of an operator

Frequently we use functions f (A) of an operator A. The simplest example is
f(x) = 2% and then we define f (A) — A2 as the operator given by the product

AA. For powers of operators the important relation

~

[B, A" = n[B, AJA"" if [[B,A],A] =0 (1.26)

holds, as shown in the exercises. More complicated functions f(x) can generally

be defined via the Taylor expansion as

f(A) = Z %A” for the function f(z) = Z %x” (1.27)
n=0 n=0
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Example: Show that

(B, f(A)] = [B,A]f"(A) if [[B,A,A] =0 (1.28)

T =Y A ¥ NATep
~1BAIY A = (B A ()

where Eq. (1.26) was used and we identified f'(z) = Y00 | ~Laoan=t,

n=1 (n—1)
which follows directly from the derivative of Taylor expansions. A
particular important application is [p, f(#)] = 2f'(2) which will be
used later.

There is an alternative definition for the function of Hermitian operators A. As
discussed in Sec. an ON basis of eigenstates |a,) with eigenvalues A, exists
for such operators. Then we can define the function as

FA) =) lan) f () (anl - (1.29)

which can be shown to agree with the definition (|1.29))

Example: Show that

A i A

U =e¢"  is unitary for a Hermitian operator A (1.30)

For Hermitian operators fl, the second definition provides

o — Z lay) e (a,|
n

where the kets |a,,) are the eigenstates of A with eigenvalues \,. Eqs. (1.11 1.14)

provide directly
U =3 lan)e ™ {a,| = e
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Now we consider

oot — (Z an)e™ <an|) (Z 4, )e <am|)
= Z |an)e™ (an|am) € (am| = Z |an)(an] =1

:6n'm

Thus U is unitary.

1.2.9 Operator at change of basis*

Let {]a;)} and {|b;)} be two different ON basis sets. Then, the linear operator

U= Z 1bi) {a] (1.31)

satisfies Ula;) = > 1bj)(ajla;) = [b;) for all basis states and thus provides the

basis transformation. From Eq. (|1.11f) we find

UF =) lai)(bil

and thus

which shows that U is unitary.

1.2.10 Subspace”®

The ket space (or Hilbert space) is typically of infinite dimension and thus the
the matrices (A;;) are infinite-dimensional. Often, however, and in particular for
computational purposes, we need to deal with finite matrices. The easiest way to
achieve this, is to approximate the Hilbert space with a finite-dimensional subspace
M, spanned by a finite orthonormal set of kets {|u;)}Y,. Then this subspace
contains all kets, which can be written as

N

‘V>finite = Zai|ui> .

=1
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We can define a so-called projector p (or projection operator) as

N
P=>"Jus)(ul (1.32)
i=1
such that for all states |v) of the Hilbert space
V) finite = Plv) .
is in M. This operator gives the ”"orthogonal projection” of the space H on M.

A subspace M is said to be invariant with respect to an operator A, if
uwyeM = Au)eM

Then, there are no matrix elements between elements (i.e., vectors) inside and
outside of M:
Wy¢M = (vAlu) =0

The matrix representing A then consists of blocks along the diagonal:

Ay Agg
Asp Ay o
A= . .. (1.33)
ANy N4
%]

This notice has much practical importance for calculations: Often, you may use
symmetries to transform the matrix into such a block-diagonal form. Each block
can then be treated separately, which in many cases can reduce the dimensionality

of the problem very drastically.

1.3 Dynamics of Quantum States

The time-dependence of the quantum state is given by the Schrodinger equation

L0 -
i |9 () = H|U(1)) | (1.34)
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with the Hamilton operator H that accounts for the physical properties of the

system.

For particles with mass m moving in the potential V(x,y, z), for example, the
Hamilton operator is

52 52 a2

S Dy +Dy +D A A A

H="—"2""2 4 V(7,7 (1.35)

2m
where we slightly changed the notation using 7, = z,7, = y,7, = 2. Here the

momentum operators p; and spatial operators 7; satisfy the commutation relations
. . o h
[pjvpk] = Oa [Tﬁrk] = 07 and [pja xk] = T ik - (136)
To simplify the notation one conventionally defines
p = p.e, +pye, +p.e, and T =Te, + e, + Ze,

and the resulting expressions look pretty much as in classical mechanics. Note
however, that r is an operator in our ket-space and not a classical position. In this
context V'(F) is the function of an operator in the spirit of Section [1.2.8]

Formally, the structure of the Hamilton operator can be motivated from the the-
ory of analytical mechanics, where many of the concepts originate from. The
precise meaning of momentum in more complicated situations must be clarified
separately. This will become of relavance for the magnetic field as discussed in
Sec. [£.1] Furthermore, the symmetry properties of space are related to the com-
mutation relations for space and momentum, see, e.g. section 1.6 and chapter 2 of
of the textbook Modern Quantum Mechanics by J.J Sakurai.

1.3.1 Eigenstates of the Hamiltonian

The eigenstates |p,,) of the (time-independent) Hamilton-operator are determined

by the stationary Schrodinger equation

H|pn) = En|n) - (1.37)

The eigenvalues E,, are the energies which can be measured. Expanding an arbi-
trary state |¥(¢)) in these eigenstates |U(t)) = > cn(t)|n), Eq. (1.34) provides

ihzén(t)’@n> = ch(t)En|90n> :
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Multiplying by (¢,| gives

1hin(t) = cp(t) By = ca(t) = ¢, (0)e /N (1.38)
which constitutes a complete solution of the time dependence for the quantum
state |U(t)) for a given initial condition at ¢ = 0.
1.3.2 Temporal evolution of expectation values

If the system is in a quantum state |¥) we can evaluate expectation values of

arbitrary operators A in the form (U|A|®). These are changing in time as

%<xp|A|xp> = (%(m) Aw) + (v (%fl> W) + (¥]A (%\\10)

Using the Schrédinger equation 2|¥) = %]:I |¥) and its dual correspondence
2(v| = —%(\I/H:IT, as well as the Hermiticity of H we find
S WA = o (—(wAAN) + (AR + () (5 4) )
dt i ot
This provides the important relation
d . i 0A
—(V|A|V) = —(V||H, A]|¥ U|—|¥ 1.39
S wIAN) = Lo Ay + (02w (1.39)

Thus the time dependence of the expectation value of an operator is given by
the expectation value of the commutator with the Hamilton operator as well as a

possible explicit time-dependence of the corresponding operator.

Ezxample: Expectation values of the harmonic oscillator

Consider a mass m, which is fixed to a spring exerting the force — fx for
the elongation x from the point of rest. The corresponding potential
is V(z) = fr?/2 and we find the Hamiltonian

~2

A D fA2
g-r 7
om 27
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Using [p?, 2] = 2ph/i and [2?, p] = —22h/1, see Eq. (1.26]), we find

d . i N 1 A
g (VI2 ) = (UI[H, 2] ¥) = —(V[p|¥)

(U5 0) = (WI[A 7 W) = —FwE)

Thus the expectation values satisfy the same equations of motion as
the momentum and position of a classical particle, which is called the
correspondence principle or Ehrenfest theorem. (More generally one
finds &(W|p|W) = (V|F(2)|¥) where F(z) is the force on the particle

at position z.)

1.4 Spatial Representation

In spatial representation, we use the eigenstates |z) of the space operator as basis
elements. Then the operators  and p, can be written in the form of the matrices
(x|2]|2") = 20(x — 2') and (z|p,|2’) = —8—5(33 — ). (1.40)

i
The first part follows directly from equations (1.21][1.22). The second part is much
more difficult to proveﬁ. Here we show, that the given marix elements provide
the key commutation relation [p,,Z] = ? in spatial representation, which at least

demonstrates consistency. For this purpose we consider

(@][pa 2]|0) = /d:v’/d:v"(<$|15x|93’>(ﬂ?’lilx”><w”|¢> — (z[2|2) (@[] 2") ("] $))

/ d’ / z (T%‘S v — )82 — ")) — 2z — 2 )%%5( )gb(x”))
/ dz! (T%‘W _ N ) — b — m')?gb’(x'))
o gy

=9 (zo(x)) — x;gb’(a:) = T¢(3?)

where ¢'(z) is a shorthand for the derivative of ¢(x) with respect to x. Thus we
find (z|[p,, 2]|¢) = 2(z|$) as it should be.

6In the book J.J. Sakurai and J. Napolitano Moden Quantum Mechanics this is shown by

using the property of momentum to be the generator of translations
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Correspondingly, in three dimensions the spatial representation of the operators r

and p is given by

(rlt|r’) =rd(r —1') and (r|p|r) = ?%5(1‘ —r') (1.41)

Multiplying Eq. (1.34) with (r| and inserting ([1.23)) for all three spatial coordinates,
the Schrodinger equation becomes

i (rw) = /d3r’<r|mr'> |
Ot ~~~ S——
=U(r,t) =U(r',t)

Now Eq. ([1.41]) shows that the basic operators  and p become diagonal in space.

Thus, arbitrary operators of the form f(r,p) can be written as

1

il o) = £ (x50 ) ot )
\ﬁ/_/
:fSR

which defines the spatial representation f SR of an arbitrary operator f , which can
be expressed in terms of the canonical variables r and p. For the Hamiltonian
(1.35) this provides the common Schrodinger equation in spatial representatioan]

e _ {ySR : asR_ oo
1h§\11(r,t)—H U(r,t) with H> = Q_mev + V(r)

which has been used in the elementary quantum mechanics you studied in previous

courses.

1.5 Solving the Stationary Schrodinger Equation

by Diagonalization

Consider the stationary Schrodinger equation

H|pr) = Exlow) -

"Note that it is possible to define more general effective Hamilton operators, which are not

diagonal in space (a common example occurs in the Hartree-Fock approximation). Then, the

r’-integral has to be kept.



24 CHAPTER 1. FORMULATION OF QUANTUM MECHANICS

For a given Hamilton operator H, the eigenvalues Ej, and eigenstates |py) are not

known. To solve the problem, we may begin by expanding the state |p,) in a basis
{la:)},
o) = Chilas)

where the {]a;)} form a complete orthonormal set (ON base) in the Hilbert space
H . We recall that

Cri = (a;|pr) since |pg) = Z |ai)(a; |or)

——
=1

Here, the summation index in principle runs from i = 1 to oo. For almost all
practical purposes, one needs to restrict the set of basis functions to be finite,
which requires the consideration of a subspace as addressed in section [1.2.10} The
expansion for |pg) can now be inserted back into the Schrodinger equation:

Multiplying by (a;| from left, we obtain for each j 3. Cyi(a;|H|a;) = ExCh;, or

It can also be written in matrix form:

Cra
Hll — Ek H12 H13 C
k2
Hy Hyy — E}, Hos . o
H31 H32 H23 - Ek .. w3 — 0 (143)

The size of the matrix is then naturally N x N, i.e. it (trivially) is determined by
the truncation of the basis. This leaves us with N coupled linear equations. This
can be solved, and we find the non-trivial solutions from the so-called “secular
equation”,

= Det(Hj; — 0;:E)) =0
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which gives us the N eigenvalues E} through the possible roots of this equation.

For a specific Ej, one then obtains a specific set of coefficients (Cy ;). This gives

the eigenvector

Cra
Chra2
Chs

associated to the k' eigenstate.

If the dimensionality of the problem is small, as for example with N =3 or N =4
basis states, such diagonalization can be done “by hand”, and in the exercises we
will treat some examples. For bigger matrix dimensions, however, one needs to

use numerical routines on a computer.

If the matrix is diagonal from the start, then the problem is trivial: The Hj;

(diagonal elements) are the energy eigenvalues, and Cy; = 0y

Some important remarks

e Choice of basis functions

In principle, any ON set can be chosen as a base. However, the better the
choice, the easier is the task!

Basis functions that are close to the exact ones, are the best. Then, many
of the Cy;’s are very small, and one may truncate very efficiently. The cal-
culation of the matrix elements can often be troublesome, since it involves
integrals. Always choose a "nice” basis, that is well-behaving and can be
integrated - smooth functions that do not oscillate too wildly will do a good

job, and you do not want to have any divergent terms...

e Truncation of the basis
In most cases, you will need to truncate rather severely in order for the
problem to fit into the computer memory. Always assure, that your final

result does not depend on the truncation; i.e., check convergence of the
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crucial quantities (such as for example the energies) with respect to the
basis size! When you choose a larger basis, your results are not supposed to

change too much.

Choice of diagonalization routines
For the diagonalization of the matrix on the computer, many different nu-
merical routines exist! The structure of your matrix determines which one

is the best. Check, whether the matrix is sparse, block-diagonal etc.

Finally, a comment on the relation to classical mechanics - Diagonalization
in a sense corresponds to a transformation to the axes of inertia in classical

mechanics.



Chapter 2
The Harmonic Oscillator

The harmonic oscillator is a very important example both in classical and quantum
physics. In the basic course we used an elementary method based on Schrodinger
equation in differential form. In this chapter we will use a more advanced method
based so on called step operators. Similar operator methods will frequently be

used in later chapters. Sections with a * will only be treated loosely.

2.1 Algebraic Solution by Step Operators

We first study the one dimensional case. The Hamiltonian is

~ p 1 9
H=—4 -
2m—|—2mw

If we introduce dimensionless operators

7 (2.1)

pP= b X =.—% (2.2)

the Hamiltonian becomes .
H= §hw(]52 + X?) (2.3)
If P and X had not been operators then H could have been factorized:

H = 1hw(X — iP)(X +4P). This is not possible because the operators do not

commute. Let us in any case introduce operators a and a':

o= (X 4iP), Al = (X —iF
a—ﬁ(X+ P), af ﬁ(x P) (2.4)

27
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It is important to remember that these operators are not Hermitian. The following

commutator relations are useful

. 1
[X,P] = ,/ \/_ = zih =i, (2.5)

1
a.a") = S[(X +iP), (X —iP)] = 3 ( i[X, P +i[P, X]) —1  (2.6)
The Hamiltonian can be expressed in these operators if we note from ({2.4]) that

A

X=—('+a) and P=

5l

This gives

ol e, hw
H :§hw(P2 + X?) = Z((aT +a)’—(a' —a)?) =

1
- atg o+ =
hw(a a+2)

If we introduce the operator N = afa then H = hw(N + %)
To get the energy spectrum we solve the eigenvalue problem for N. Let |pn) be
an eigenstate and ), the corresponding eigenvalues so that N|@,) = An|¢,). We

first note that the eigenvalues A, are non-negative:
An = (GnlAnlén) = (@nld'alén) = [(Sala"] [alén)] = (6,16} = 0
where |} = a|¢n).
Secondly we will prove that the state af|¢,) is an eigenstate of N
Na'|gp) = alaal|gn) = a'(@'a + 1)|dn) = a' (N + 1)]dn) = (An + 1)a[n)

(The expression aa' = a'a + 1 follows directly from (2.6)). By operating on
eigenstates with G’ we get a new eigenstate with an eigenvalue that has been
increased by 1. These kind of operators are called step operators. In the same way

the operator a decreases the eigenvalue by 1

Naf¢n) = (A = 1)al¢n) (2.8)
The proof is left as an exercise. By using relation (2.8) k times we obtain

Ndk‘(bn) = ()‘n - k’)&k\%) (2~9)
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But all eigenvalues to N are as we have seen non-negative. This means that it
is not possible to continue forever generating new eigenstates by operating with
d. There must exist a state |¢o) such that a|do) = 0. Then N|¢o) = ald|¢o) = 0
which shows that \g = 0 is the lowest eigenvalue and consequently |¢g) is the
ground state of the Hamiltonian . Starting from this ground state it is easy

to generate new eigenstates by using the step operator:

a'|¢o) = au|¢r), Nal|go) = ai|én),
(a")?|go) = caldpa), N(a')?|go) = 2a|po) ,
(&T)3|¢0> = 043|¢3>, \ (dT)3‘¢0> = 3043|¢3> R

where «,, is a normalization constant and we see the eigenvalues of those states

are A\, = n.

For the one-dimensional harmonic oscillator, we will show in Sec. using spatial

representation that:

The set of eigenstates {|¢,)}5, is a complete set in the appro-
priate Hilbert space of the one-dimensional harmonic oscillator. This
means that we have found all eigenstates and the eigenvalues are non-

degenerate.

The eigenvalues of N are all non-negative integers. This means that the energy
eigenvalues for the Hamiltonian (2.1)) are

1
En—hw<n+§> , for n=0,1,2,.. (2.10)
This is one of the standard spectra that every student of physics should know. In

nature it is found mainly in vibrating systems such as molecules and nuclei.

Let us return to the final study of the step operators and the eigenstates. Because
of the non-degeneracy the following relation holds a|¢,) = ¢,|¢n—1) , cp=constant.

This constant can be determined as follows

’Cn|2 = (Pn-1lcpcn|Pn1) = <¢n’&Td|¢n> = (gn|n|pn) = n
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Figure 2.1: Energy levels for a one dimensional harmonic oscillator. The arrows

indicate the actions of the step operators

By custom one chooses the phase such that ¢, = y/n. Thus

ilén) = vlén1) (2.11)

In a similar manner one easily obtains

a'|¢n) = Vn+ Lons1) (2.12)

These relations suggest the names lowering and raising operators for a and a'.

By recursive use of (2.11]) one can express all eigenstates as

6a) = V%(d*)”w (2.13)

With this choice of phases, one frequently replaces |¢,) by the simplified notation
In). Note that |0) is here the ground state of the harmonic oscillator, which is a
physical state with norm 1 and fundamentally different from |null), the only ket

with norm 0.

The expressions (2.11)) and (2.12)) are very useful in calculating matrix elements
as the following examples show.

Ezample: Calculate the matrix elements of ' in the basis of |n).
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(mlat|n) = (m|Va ¥ In + 1) = Vi F Wi

When calculating matrix elements for £ or p it is convenient to express these
operators in step operators. From (12.2) and (2.4]) one gets

(@' +a), p=1i (af — a) (2.14)

Ezample: Calculate the matrix elements of 2

Let us first express 22 in the step operators.

2mw
Taﬁ“z =(a' +a)’* = (a")? +a'a+aa’ +a°

It is useful to use the commutation relation to rearrange this expression

so that a' precedes a. We then get a normal ordered product.
(&T)2+de+ddT+d2 — (&T)2+de+&Td+1+&2 _ (&T)2+2€lT€L+€L2—f—1

It is now easy to calculate the matrix elements:

(m|(a")?n) =(mla’Vn + 1|n + 1) = (m|vVn + 1v/n + 2|n + 2)
= (n+1)(n+2)0mnio
(mla'aln) =(m|n|n) = ndm..
(m|a®[n) =(m|a'V/n|n — 1) = (m|v/nvn —1jn - 2)
=v/n(n —1)mn-2

For a given n only the following matrix elements are non-disappearing:

(n + 2|32n) Z%\/m T 1)(n+2)

(nl?n) =5—(2n+1)

mw

. h
(n — 2|2%|n) =g n(n—1)
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Note that matrix elements in the common spatial representations are defined as
integrals and that we by this method have found a way to integrate a large class
of them by algebraic methods. It is also interesting to note that we do not need

to know any explicit formula for the eigenstate |n).

2.2 Eigenfunctions in spatial representation

We have so far not used any explicit representation of the eigenstates. Now the
eigenstates shall be evaluated in spatial representation (x|¢,) = ¢,(z), which
are just the conventional wave-functions known from elementary courses. The
idea is here to calculate the ground state wave-function ¢g(x) and then use the
raising operator to generate the wave-function for the excited states. We start
by expressing the step operators in spatial representation, where they become

differential operators:

[ s eV 5 (08) o

where £ is the spatial representation of the dimensionless operator X introduced

previously, i.e., £ = /%22, In a similar manner one gets

i (5 _ 35) (2.16)

To get the ground state we solve the equation

iléo) = 0 (5+ a%) b0(€) = 0

which gives
e
Po(§) = coe™ 2

The constant ¢y can be determined by normalization: ¢y = 7~ /* Equation (2.13)

gives us the expression for an arbitrary state:

d\" _e
On(E) = co—rms (S_d_g) e (2.17)
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This could be rewritten to a more accessible form if we note that
d 2 2 2 2 2 d
(= d—) (e%u(f)) —feTu—feTu—eTu = ( — 652—>u
Let us use this formula n times:

in_%— _in%—€2__ n%dn —£2
(§_d§)e _(g dg)e e = (=1)" T (2.18)

The Hermite polynomials are defined by the relation

H, () = <—1>"e52j—;e—52 (2.19)

The first four are:

1
Hy(§) =4€% =2 Hy(§) =86 —12¢
H, (&) has parity (—1)" and degree n. An explicit expression for an arbitrary
eigenstate is

mw —&2 mw

1/4
¢n(w)=(ﬁ) (2n!) " PHL Qe , €= s (2.20)

(This state is normalized with respect to integration over x explaining the different
prefactor.) We can now prove that we have indeed found all eigenstates and that
the spectrum is non-degenerate. This follows from the fact that the Hermite

polynomials form a complete set in the appropriate Hilbert space.

2.3 Two- and Three-Dimensional Harmonic Os-

cillator

In many applications harmonic oscillators with two or three dimensions are used.It
is rather straight forward to extend the theory to higher dimensions.The Hamil-
tonian for a two dimensional oscillator is

N 1 R 1 R . e e
H= %(pfc + pZ) + §mw2(x2 +§°) = hw(alax + aLay +1) (2.21)
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\ (6)

N=5§ -
e (59 {he
s (4)

N=3 (3) /
N=1 (2)

- (1)

Figure 2.2: Spectrum for a two dimensional harmonic oscillator. The degeneracy

is marked in the level scheme.

with the step operators a, and a,

R mwA+, 1 R R mwAjL, 1 R (222)
Uy = \| —T +1 ey Oy = 4] —— 1 .
V 2% 2mﬁwp YV 2h Y 2mhwpy

Note that a, and a, commute. The eigenvalues to (2.21)) are determined as in one

dimensional case to be

Enon, = hw(ng +n, +1) (2.23)

where n, and n, are non-negative integers. The corresponding eigenstates are in
spatial representation

Prany (T,Y) = On, (2)Pn, () (2.24)
These states are degenerate. To determine the degeneracy, we have to count the
number of different ways that two non-negative integers can be added to give the
result N. Thus N = n, +n,. n, can be chosen in N + 1 different ways. But when
n, is determined to be N — n,. The degeneracy is thus N 4 1. This also follows

directly from figure (12.2)).

In three dimensions the Hamiltonian is

. 3
H = hw (&de +ala, +ala. + 5) (2.25)
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Figure 2.3: Spectrum for a three-dimensional harmonic oscillator with degeneracy.

with eigenvalues

3
Erongn, = hw (nx +ny +n, + §> (2.26)

and eigenstates in spatial representation

¢nznynz (l'? Y, Z) = (bnz (x)¢ny (y)¢nz (2) (2'27>

It is a little trickier to determine the degeneracy in this case. In how many ways
can three non-negative integers can be chosen when their sum is given? Denote
N =ny +ny +n,. If n, is fixed then one can choose n, and n, in ny, +n, +1 =
N —n,+1 different ways as was found in the two dimensional case. But for a given
N,n, can be picked in N + 1 different ways. The total number of possibilities is

;O(N—nxﬂ):%wﬂ) :%(N+2)(N+1). (2.28)

In spatial representation the Hamiltonian becomes

A h? 1 h? 1 02 L? 1
B — A L 2?4 22 = 29 Lt g
= +2mw (x* 4y~ + 27) erar2r+2mr2+2mwr

(2.29)

where we have used spherical coordinates. The eigenstates to this spherical sym-

metric operator can be written as

¢nlm<r7 97 90) =

iy, ) (230
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For given quantum numbers n and [ there is 2[4 1 -fold degeneracy and the energy
does not depend on m. The eigenvalue equation reduces to an ordinary differential
equation:
R, RARI(L+1) 1 .,
—%unl + W + imw T Uy = Enlunl (231)
We will not solve this equation here, but only give some results: The energy
eigenvalues are, of course, the same as before but depend on the quantum numbers

in a different way:

Eny = hw <2n +1+ ;) (2.32)

Obviously if N = 2n + [ is even (odd) then also [ is even(odd). If N = 0 the only
values are: n = 0 and [ = 0. The first excited state has N = 1. Then n = 0 and
[ = 1. In addition to this there are different m-values so that the degeneracy is 3
as we have already found. The eigenfunctions corresponding to this first excited
state span a three dimensional subspace. There are as we have seen two natural

bases in this subspace, corresponding to either Cartesian or spherical coordinates.

2.4 Harmonic Oscillator Model for Many-Particle

Systems*

2.4.1 Mean-field model and shell structure

So far, we have mainly been concerned with the single-particle properties of a
quantum system, i.e. the eigenstates of a single particle trapped by a confinement
potential. Many of the quantal systems occurring in nature, however, confine many
particles, and it is the interaction between all these particles that determine the
physical behavior of the quantum system as a whole. A famous example is the
atom, with its nucleus being a many-particle system made from the nucleons, and

its outer shell of many electrons, determining the structure of the periodic table.
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Figure 2.4: Three dimensional harmonic oscillator in spherical coordinates. The

figure shows the orbital quantum number and the degeneracy.

The quantum-mechanical description of such many-particle systems is a cumber-
some task, and yet today, despite all the power of computation, large many-particle

quantum systems can only be treated rather phenomenologically.

One of the simplest approximate models is based on the idea that the interactions,
possibly together with an external confinement, create an average “mean field”,
which models the action of all the quantum particles on each other: Instead of
individual particle-particle interactions, non-interacting particles are then assumed
to move in a modified, effective confinement, that accounts for the interactions of

all the particles with each other.

This a priori rather simple idea forms the basis of more complicated theories (some

of which we will touch later on in these lecture notes).

The distribution of single-particle energy levels of the mean-field potential can be
non-uniform and bunches of degenerate or nearly degenerate levels, being separated
from other levels by energy gaps, can occur. Such groupings of levels are also called

“shells”, just like in atoms. They are schematically drawn in Fig. [2.5

Shell structure is a consequence of both the dimensionality and of the symmetry
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MORE BOUND LESS BOUND

Figure 2.5: Schematic illustration of the bunching of single-particle states (shell
structure) in a finite fermion system. The binding energy is lower, if the single-

particle level density at the Fermi energy has a minimum (after Brack et al., 1972).

of the mean field potential. A high degree of symmetry results in a pronounced

level bunching [

This level bunching is manifested in many of the physical properties of finite,
quantal many-fermion systems, like, for example, in their stability, in the ionization

energies, the chemical reactivity or in the conductance.

In the mean-field model in its very simplest form, the eigenstates of the mean-
field potential (that models the confinement of the quantum particles together
with their average interactions with each other) are filled with non-interacting
fermions, respecting the Pauli principle. At zero temperature, the lowest states
are filled up to a certain level, where one runs out of particles. This level is usually

called the “Fermi level”.

The density of single-particle states at the Fermi energy is of particular importance
for the stability of the system. If it is at a minimum, the particles occupy states

with a smaller energy on average, and consequently, the system is more bound:

lsee for example, Funny Hills: The Shell Correction Approach to Nuclear Shell Effects and
its application to the fission process by M. M., J. Damgaard, A.S. Jensen, H.C. Pauli, V.M.
Strutinsky, and C.Y. Wong, 1972, Rev. Mod. Phys. 44, 320.
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shell filling leads to particularly stable states. Here, the nobel gases are very
good examples. If a shell is not filled, however, the system can stabilize itself by
spontaneously breaking its internal symmetry. For atomic nuclei, for example, such

a spatial deformation of the mean field was confirmed by an analysis of rotational
spectraﬂ

More recently, similar effects were observed from plasmon resonances of metallic

clusters.

In a finite quantal system of fermions, the stability condition is that there is no
unresolved degeneracy at the Fermi energy. This condition is met for certain
numbers of confined particles, for which a degenerate shell with a large energy gap

to the next, unoccupied shell can be filled.

2.4.2 Shell structure of the 2D anisotropic harmonic oscil-

lator

We illustrate this with the example of an anisotropic harmonic oscillator confine-

ment in two dimensions (z,y),

1 1
Viz,y) = §m*wg ((5:L'2 + 53/2), (2.33)
as an empirical mean-field potential in which a number of N fermions with an
effective mass m* are assumed to move independently. The ratio § = w,/w, with
frequencies w, = woVd and wy = wo/ V0 defines the ratio of semi-axes of the
ellipse equipotentials. Imposing the constraint w2 = w,w, conserves their area

with deformation. The corresponding single-particle energy spectrum
1 1
Enany (0) = hwp | (N + 5)\/5—1— (ny, + 5)/\/3 (2.34)

is shown as a function of deformation J in Fig,. (left). In the isotropic case § = 1,
one clearly recognizes the (Ny+1)-fold degeneracy for a principal quantum number
Ny = ng +n, = 0, 1, 2,... . Filling the states with non-interacting fermions,
respecting the Pauli principle and including spin degeneracy with a factor of two,

closed shells can be reached for a sequence of N =2, 6, 12, 20... particles.

25¢e the books on Nuclear Structure by A. Bohr and B. R. Mottelson, 1975
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Figure 2.6: Left: Single-particle states of a two-dimensional anisotropic harmonic
oscillator as a function of deformation (6 > 1). Degeneracies in the isotropic
case (0 = 1) lead to closed shells for N = 2, 6, 12, 20,... (for non-interacting
fermions, including spin degeneracy) and subshells occur at frequency ratios § =

q/p for integer ¢, p. Right: Total energies > , Enany of the anisotropic harmonic

Ng,M

oscillator for N = 2, 4, 6, 8, 10, and 12 non-interacting particles as a function of

deformation.

For these configurations, particular stability is reached, as the degeneracy of the
shell is resolved and the density of states is minimal at the Fermi energy. Adding
one more electron to a closed shell would result in single occupancy of an orbit
belonging to the next, higher shell, and the system would be less stable. In the
case of open shells, however, the degeneracy can be lowered by deformation and

an energetically more favorable configuration can be reached.

In particular, for non-circular shapes, subshells with degeneracies comparable to
the non-deformed case can occur, leading to a pronounced stability at the corre-

sponding deformation.

Figure 2.6] (right) shows the total energies 3, &n, ., (d). We see that depending
on the number of confined particles and deformation, cusps and minima in the total

energy occur for § > 1 at frequency ratios where more pronounced subshells are
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formed. As it is already obvious from the shell patterns in the single-particle
spectra, configurations with N = 2, 6, or 12 particles have lowest energies in the

isotropic case, while for N = 4,8 or 10, the energy can be lowered by deformation.

Despite the simplicity of this example, it already contains some of the basic fea-
tures of a finite, fermionic quantum system: the occurrence of shells and the
corresponding stability for closed-shell configurations, and the tendency to spon-
taneously break the symmetry of the mean field in the case of open shells. Sub-
shell closings enhance the stability for the broken-symmetry states compared to

the non-deformed, open-shell system.

2.4.3 “Magic numbers” in finite fermion systems

The periodic table with the appearance of its eight groups of elements showing
similar chemical properties is the most widely appreciated example of shell struc-
ture. Atomic shells are most strikingly seen in the pronounced maxima of the
ionization energies of neutral atoms for certain atomic numbers Z = 2,10, 18...,
corresponding to the noble gases He, Ne, Ar, ... (cf. upper left panel of Fig. .

The spherical symmetry of the very rigid confinement of the electrons caused by
the strong Coulomb potential of the nucleus results in large degeneracies at the
mid-shell regions. These shells are then populated according to Hund’s rules: due

to the Pauli principle and the repulsive Coulomb interaction, the spin is maximized
for half-filled orbitals.

In nuclei, the separation energy (i.e. the energy that is required to remove a
nucleon from the nucleus) of neutrons and protons shows sharp steps for certain
particle numbers, originating from the shell structure (lower left panel of Fig. .
These steps are very similar to the abrupt decrease of the atomic ionization po-

tentials for electron numbers that exceed the atomic shell closings by one.

Parameterizing an average mean-field potential and including spin-orbit coupling,
Goeppert-Mayer (1949) and Haxel, Jensen, and Suess (1949) could formulate a
shell model that successfully explained the “magic numbers” of nucleons for which

particular stability was observed.

In the early eighties finite-size clusters of atoms attracted much interest: they
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Figure 2.7: Shell structure and “magic numbers” in finite fermion systems. Left,

upper panel: Atomic ionization energies. Lower panel: Separation energies of

atomic nuclei, after Bohr and Mottelson, 1975. Right, upper panel: Abundance

spectra of metallic clusters (counting rate in arbitrary units) (after W.D. Knight,
Clemenger, K., de Heer, W.A., Saunders, W.A., Chou, M.Y., and Cohen, M.L.,
1984, Phys. Rev. Lett. 52, 2141). Lower panel: Differences in the chemical
potential p(N + 1) — p(N) of disk-shaped quantum dots. Inset: Device setup,
schematic (From Tarucha, S., D.G. Austing, T. Honda, R.J. van der Haage, and
L. Kouwenhoven, 1996, Phys. Rev. Lett. 77, 3613.)
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provided a link between the physics of single atoms or the smallest molecules,
and the solid. Knight et al. (1984) succeeded to fabricate clusters consisting of a
few up to hundreds of alkali atoms by supersonic expansion of a mixture of metal
atoms and a carrier gas through a tiny nozzle. Condensation of droplets and
subsequent evaporation of single atoms until equilibrium was reached, produced
stable clusters which could then be counted and size-selected. The anomalies in the
mass abundance spectra, i.e. the counting rates of clusters with a given number
of atoms per cluster, are striking: for certain numbers of atoms, one observes an
enhanced stability of the cluster. The upper right panel of Fig.[2.7]shows the cluster
counting rate (in arbitrary units) as a function of the number of atoms per cluster:
pronounced maxima are observed for clusters with 2, 8,20, 40, and 58 atoms. This
reminds us of the “magic numbers” in nuclei mentioned above. A metal cluster
can be described in a simple model which assumes that the delocalized valence
electrons experience a homogeneous positive charge background (“jellium”) of the
atom ions. This approach has long been used in solid state physics to describe, for
example, metal surfaces, or voids in metals. Indeed, the jellium model of metals

provided an explanation for the enhanced stability of clusters with specific sizes.

In beautiful analogy to atoms, nuclei, or clusters, shell structure can also be ob-
served in the conductance spectra of small semiconductor quantum dots. As an
example, the inset to Fig. (lower right panel) schematically shows the device
used by Tarucha et al. (1996): in an etched pillar of semiconducting material, a
small, quasi two-dimensional electron island is formed between two heterostruc-
ture barriers. The island can be squeezed electrostatically by applying a voltage
to the metallic side gate which is formed around the vertical structure. The dot
is connected to macroscopic voltage and current meters via the source and drain
contacts. Measuring the current as a function of the voltage on the gates at small
source-drain voltage, one observes current peaks for each single electron subse-
quently entering the dot. The spacing between two subsequent current peaks is
proportional to the difference in energy needed to add another electron to a dot
already confining N particles. This quantity is plotted in Fig. (lower right
panel) for two different dots with diameters D = 0.5 ym and D = 0.44 um and
shows large amplitudes at electron numbers N = 2, 6, 12. Indeed, these numbers
correspond to closed shells of a two-dimensional harmonic oscillator. As we shall

discuss later in this course, the additional structures at the mid-shell regions are
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e v

Figure 2.8: A one dimensional model for lattice vibrations.

a consequence of the spin alignment due to Hund’s rules, in much analogy to the

atomic ionization spectra.

2.5 Phonons

As a last example of harmonic oscillators we will treat coupled oscillations of a
chain of particles. This is a one-dimensional model for the real three dimensional
crystal vibrations which play an important role in solid state physics. It is an
important example also from a fundamental point of view, because we will here
for the first time encounter collective quantum states. In these states there is a
coherent motion of a large number of particles in contrast with the single particle

states that have been studied up to now.

Consider a chain of N balls that are closed to a ring ("rosary”). Each ball has
the same mass and between the balls there are identical harmonic springs. The

distance between the balls in equilibrium is @ and the spring constant is g.

As a first step we will study longitudinal classical waves on the rosary. Ball #1
has the equilibrium position x = al. By u; we denote the displacement from this

point. The classical equation of motion follows from figure

The Newton equation of motion for ball #[ is

d*u
mﬁ = g((w1 —w) = (w — 1)) = glw — 2w + ) (2.35)
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Figure 2.9: Displacement along the rosary.

While the chain is closed we have periodic boundary conditions

U+N = Uy - (236)

Motivated by a wave-type elongation u(z,t) = Aeibr=wt) for the discrete points

x; = al we will now seek solutions to (2.35)) in the form of
w(t) = Aetlkal=wb), (2.37)
From the periodic boundary condition (|2.36)):
gilkal=wt) — gilk(a(4N))—wt) — cikNa — | — ENg =277 with ' € Z

Now £ values, which differ by multiples of 27 /a provide identical elongations for
all lattice sites in Eq. (2.37). Thus one can restrict to —7/a < k < 7/a (which is
actually called the first Brillouin zone for crystals). Assuming in the following an
even number N of balls, the corresponding k values, which describe the different

collective waves off the chain, can be numbered in the form

P N
kT:N—Z(r—g) with r=1,2,...N (2.38)

Note that the number of different collective waves (or modes) equals the number
of balls on the chain. Using the ansatz(2.37)) in the equation of motion we get

_mw2€i(kla—wt) _ gAei(k(l—l)a—wt) . zei(kla—wt) + ei(k(l-i-l)a—wt)' (239)

ka
2

an (2] o

Some trivial algebra gives w? = 22(1 — cos(ka)) = 2 sin® (

wk) = \/%

) . The dispersion

relation is then given by
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Figure 2.10: The dispersion relation for a harmonic wave along the rosary.

This function is plotted in Fig.

Let us now turn to the quantum mechanical problem. The Hamiltonian is in this
case the sum of kinetic and potential energy. The potential energy is stored in the

stressed springs. One gets

o T S e VPR
H = om Zpl + B Z(Uz —Uy1)”. (2.41)

Here u; and p; are quantum mechanical operators that satisfies the usual commu-
tation relations between position and momentum operators: [, p;] = ih. In the

case of several particles we generalize
[, pr] = ihdw (2.42)

When the classical wave (2.37]) propagates through the lattice all balls move at the
same time with the same amplitude but with different phases. We define collective

operators as follows.
~ 1 ikla ~ A 1 —ikla
U, = — ey,  Pp=— E e Dy (2.43)

We shall soon see that the Hamiltonian becomes simpler if we change to these
operators. Note that these operators are non-Hermitian. It is obvious that U ,I =
U*ka p]j - pfk
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The commutator between these operators is

- ~ 1 Zh . 177
- i(kl—k'l")a A Ut i(kl—k'l")a
Uk, Pw] = N %: [y, prr] = N %:6 o
) 2.44
— ﬁ Z pilk—K)la _ RO ( )
N !

We have summed a geometrical series to obtain

N—-1 N-1 __i(k—k')Na /
ilkkMa _ 3 (eilhk ey Lot ] 0 k#k (2.45)
1=0 1=0 1 — eilk=FK)a N k=F '

for the k-values satisfying Eq. (2.38)). The relations (2.43)) are some kind of discrete

Fourier transform. These transforms can be inverted in the usual manner.
N 1 —iklay . 1 ikla 7
Uy =—=) U, p=—F=) " 2.46
> D (2.46)

We can rewrite the Hamiltonian (2.41)) with these expressions. A small tech-
nical difficulty comes from the fact that the operators defined by (2.43)) are non-
Hermitian. A simple way out is to rewrite the Hamiltonian in an explicit Hermitian

way

1 "
= o Z Pt Z - ul (U — ) . (2.47)
Using (2.46) we can after some algebra write (2.47)) as

1 TN
H= Z ( PP, + Qmuﬂ(k)U,IUk) : (2.48)
The dispersion relation w(k) is the same as the classical case given by (2.40]). The
Hamiltonian is the sum of independent, one dimensional harmonic oscillators. As

for ordinary operators we can for each k-value define the step operators

. mw(k) ~ 1 -
ay = Up +i———=D)
2h V/2mhw(k) (2.49)
b fmw(k) oy 1 .
ay =\ ——U} —i————=Fh,
g 2h T amhw(k)

It is left as an exercise to prove the commutation relations

Gk, 4] = O, [ag,aw] =0, and [}, al,] =0 (2.50)



48 CHAPTER 2. THE HARMONIC OSCILLATOR

All other commutators are zero. The Hamiltonian can be expressed in step oper-

ators as
1
H= Z hw(k (aka 2) (2.51)

As for ordinary one-dimensional step operators the commutation relation (2.50)

results in the eigenvalue relation
alar| o™y = ngo®y  for np=0,1,2,... (2.52)

for each mode k. Now we apply the numbering from Eq. (2.38) and use the natural
numbers r = 1,2, ... N to describe the different k-modes. Then each mode is in a

certain state n, and the total energy for the Hamiltonian (2.51)) is just given by

By, Zhw ( ;) (2.53)

The eigenvalue problem is now formally solved. The corresponding eigenstates
can be constructed from the ground state, corresponding to the quantum numbers
ny = ng = ... = 0 which is just |0,0,...) and is defined by

ar,.0,0,...) =0 forall r. (2.54)
By applying the step operator d,tr one obtains
a, 10,0,...) =10,0,...,n, = 1,0,...) (2.55)

The energy of this new state is hw(k,.) above the ground state energy. The quantum
state 10,0, ...,n, = 1,0,...) corresponds to a classical wave with wavenumber k.
Such a quantized wave carries both momentum and energy and is in many respects
similar to a photon and is called a phonon. The energy of the phonon is fiw(k,) in
close analogy with the photon case. The operator d;r is naturally called phonon

creation operator.

Repeating this operation, we obtain the general state as

01,79, ) = [ﬂl \/717 (aL)n] 0,0,...) (2.56)
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The ground state |0, 0, ...) is called the phonon vacuum. It is customary to redefine
the energy so that this state has the energy 0. To do this one subtracts a constant

sum from the Hamiltonianﬂ and gets

jo g Zhw Yaf ks By —wa ), (2.57)

Ezample: Show that |0,0,...n, = 2,0,...) defined by Eq. (2.56|) is indeed an
cigenstate of H as in Eq. (2.57)

We have .
0,0,...1n, =2,0,...) = E(a;r)"’m,o, )

Now we consider

H|0,0,...n, =2,0,... }{:fuu a (@}, )?10,0,...)

For 7" # r the commutation relation provide ay, , (&LT)Q = (&LT)Qdk ,
and thus we can use the fact that a;,|0,0,...) = 0 to show that these

terms do not provide any contribution. Thus only the term »’ = r of

the sum survives. Now the commutation relations provide

a,a ay, = (af, ar, +1)af, = aj, (af a, +1) +aj, = af a ax, +2aj,
Thus we find
R 1
H|0,0,...n, =2,0,...) =—hw(k,)2(a} )?|0,0,...
| ) 7 (kr)2(ay, )7 )
—2%w(k,)[0,0,. . .1, = 2,0,...)

and the state is indeed an eigenstate with the correct energy.

3While the ground state energy is neglected in many cases, it actually can play a role, if the
frequency of the phonon modes changes by an external parameter (such as, e.g. a change of the
coupling g following the geometry of the chain), which changes the total energy of the ground
state. This corresponds to an effective force on the system. The same effects appears in the
quantisation of the electromagnetic field, where this force is called Casimir force. It has some
relevance in microstuctured geometries, see A.W. Rodriguez, F. Capasso, and S.G. Johnson,
Nature Photonics, 5, 211 (2011)
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In a similar way this can be shown for arbitrary phonon states. This shows that
phonons can be created one after each other independently of each other, which
means that they do not interact with each other. Furthermore there can be arbi-
trarily many phonons in each state. (This is entirely different from the filling of
electronic states, where the Pauli principle forbids multiple occupancy.) With the
help of creation and annihilation operators all other operators representing physi-
cal entities can be constructed. We thus have a complete mathematical model to
describe the physics of lattice vibrations. In order to use it in solid state physics
we must consider vibrations in three-dimensional structures in transverse and lon-

gitudinal modes.

2.6 Coherent states®

The energy eigenstates |n) provide the expectation values
(n|zjn) =0 and (n|p|n) =0

Thus they do not resemble a classical oscillation, where x and p oscillate in time.
However there are states |W(¢)) which resemble the classical picture in a much
better way. A very interesting class of such states are the coherent (or Glauber)
states

) = Z ~laf? /ZT|n> for arbitrary complex a (2.58)

n!
n

These states are actually eigenstates of the lowering operator

n—l
la) =Y e lof 22 \/_|n —D=a) e PP |jn—1) =ala) (2.59)
2 2
with eigenvalue a.. (Note that a is not Hermitean. Thus, eigenstates to different
eigenvalues « are neither orthogonal, nor do they satisfy the closure relation.)

As the coherent states are not eigenstates of the Hamiltonian, they have a more
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complicated time dependence. For the initial condition |¥(t = 0)) = |ag) we find

—iwt\"
2/2 (Cl/oe ' ) |TL>
n.

T(t) = e_|ao\2/2a_ge*i(n+%)w1€|n> = otz Y R

n \/m n

—e W2|a(t))  with a(t) = age ™!

(2.60)

Thus an initial coherent states is also a coherent states for later time with a change

—iwt/2

in the phase of a (as well as a multiplicative phase e , which is not of relevance

for any observable).

In order to calculate the expectation values of space and momentum we use
Eq. (2.14) and (a|a’ = a*(a|. Then we find

(@lila) = /—"(a*+a)= ,/;—Z Re {a} (2.61)

2mw
(alpla)y = i hmTw(a* —a) = V2hmwIm {a} (2.62)

With the time dependence «a(t) = age !, the averages reproduce the classical

trajectories in phase space, as can be seen in Fig. [2.11}

In the same spirit (and using a@a' = a'a + 1) we obtain

2h h
’la) = — 24— 2.63
(@l#l) = 2% (Refa})?+ 5 (2:63)
(alp?la) = 2hmw(1m{a})2+—h2w (2.64)
This provides the variance

Az = +/(a|i2]a) — (a]i]a)? = R (2.65)

2mw

- - hmw
Ap = A{alp*|e) — (alpla)? = - (2.66)

which describe the scattering of measurement results around the expecation value
as indicated in Figf2.11l We find that Az is just the maximal elongation divided
by 2|a|. Thus the relative fluctuations in the measurement results for the position

vanish in the limit of larger |a|. The same holds for Ap, so that we recover
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Figure 2.11: Motion of a Glauber state with ag = 3. The red circle is the classical
trajectory, which is identical to the expectation values for space and momentum.
The magenta area denotes the range of typical measurement values for z and p at
a given time. (Note that only one of them can be measured for each preparation
of the system.)

the classical behavior with well defined position and momentum for |a| — oo.

Furthermore we find the product
h
AxAp = B (2.67)

which is the lowest possible value according to the Heisenberg uncertainty relation.



Chapter 3

Angular momentum

3.1 Orbital Angular Momentum and Rotations

Following the classical expression, the operator of (orbital) angular momentum is

L =1 x p. The canonical commutation relations between r and p provide
[fzj,fzk] = ihzejklf/l (31)
l

where €y is the Levi-Civita symbolE] Now we shall relate these to rotations in the

three dimensional space.

3.1.1 Rotations

A rotation Ug transforms an arbitrary quantum state |¥) into the rotated state
|W"). Now we consider this rotation for quantum states in spatial representation,
i.e. wave functions W(r). The same operation can be performed to the spatial
vectors in the form r’ = Rr. Consider for a certain point rg in space the value
the rotated wave function ¥'(r) = USRU(r) at the rotated position rj = Rrq.
Obviously, this value is equal to the original wave function at the original position,
i.e., U'(r)) = ¥(rg) holds. Now we set r; = rj and find R™'r; = ry. Thus we

lejkl = 0 if two or three of the indices are equal. Otherwise €103 = €231 = €312 = 1 (cyclic

permutation of 123) and €132 = €213 = €307 = —1.

23
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— W(r)=cos*(9)
— ‘P’(r)=c032((p—n/4)

Figure 3.1: We consider a rota-
tion R of m/4 (45°) around the

origin. The spatial vector r is

mapped accordingly to r’ and the
wave function ¥(r) to ¥'(r). We

see that W' (r) is the same as

U(R'r), where the argument is

rotated backwards (¢ — ¢ —

7/4).

identify ¥'(r;) = ¥(R"'r;). Now any point in space r can be identified with r;

by constructing an appropriate ro = R™'r, so that we have the general identity
USRO(r) = ¥'(r) = U(R'r)

which is schetched in Fig. 3.1} In particular we consider an infinitesimal rotation

with angle d¢@, where the direction of the vector denotes the axis of rotation. We
find Rr =r 4+ d¢ x r and

U'(r) =U(r —0¢ xr) =~ ¥(r) — (0¢ x r) - VI¥(r)
—U(r) - %&p- (r X Ev) U(r) = (1 - %545 : ILSR) U(r)
i
where LS® is just the spatial representation of L. In the second line we used the

fact, that V can be treated as a vector, and the cyclic properties of the triple

product.

The spatial representation of the orbital angular momentum LSR = r x ?V

generates infinitesimal rotations of wavefunctions in the three-dimensional space.

For a finite angle ¢, we can integrate the infinitesimal relation and find
U(r) = e L /hy(p)

so that the the rotation by an angle ¢ is given by the operator

[e.o]

. . 1 (~ig-L\"
U¢:e—1¢'L/ﬁ:Zm( 142 ) (3.2)

n=0
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Note that lj¢ is unitary because L is Hermitian.

Now we want to relate the commutations relations ({3.1)) to the properties of rota-

tions in space. Here we treat [I:m, ﬁy] explicitly, the others are fully analogous.

Consider two rotations around the x and y axis by (small) angles ¢, and ¢,,
which we call U, and Uy, respectively. They can be performed in two different
sequences as Uny or Uy(jx If the sequence does not play a role the product
U,U,) 10,0, = USR-1USR-10,U, should be the unit operator. (Note here that
(AB)™! = B~'A~! holds generally for linear operators.) We calculate this up to
order ¢? and find:

Ustoo 0, = (1 + igoLe (%ﬁ‘”)g) (1 + idyLy (%iy)Q)

i 2h? h 2h?
.o F N2 . L,)2
) (1 igels  (@sl) ) (1 _itly _ (ly) ) +0{6}
=1+ qb;;by <_f1xﬁy + Eyiﬁ) +0{¢"}

Thus the commutator relation [ﬁx, ﬁy] = ihiz implies that a rotation around the z
axis by the angle ¢,¢, remains, and the order in which rotations around different

axis are performed is not arbitrary.
Ezercise: Try this by rotating a box subsequently by 90° in y-direction, by 90°
in z-direction, by —90° in y-direction, and by —90° in z-direction. What do you

find? (You need much smaller angles in order to find a pure z rotation as a result.)

The fact that the commutator between L, and f/y is finite, relates to the geomet-

rical observation, that rotations around the z and y axis do not commute.

3.1.2 Spectrum and eigenstates

In spatial representation the operators of the orbital angular momentum can be

easily expressed in spherical coordinates (r, 0, ¢) as

. RO . 10 9 o
LSR:__ LSR 2 _ B2 - : - _
S =7g, LTS =h LinQ@H (Sme ae) * sm2eago2]
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Thus eigenstates of ﬁER satisfy
LM (r,0, ) = mh¥(r,0,0) = U(r,0,p) oc ™

As U(r,0,p+2m) = U(r,60,p) holds in the three dimensional space, we obtain the
condition that m € Z. Thus the operator (IA;SR)2 can only have the eigenvalues
(1 + 1)h? with [ € Ny, where j is replaced by [ as common for orbital angular

momentum.

The common eigenfunctions of (LS®)2 and LS® are the spherical harmonics
Y, (0, ¢) with the properties
(LI2Y™(0, @) =I(1 + DRPY;"(0,0)  for 1=0,1,2,...
LSRY™(0, ) =mhY;™ (0, ¢) for m=—l,—1+1,...1

For further reference:

The spherical harmonics Y, (6, ) satisfy the orthogonality

1 2T *
/ dcosf / d [Yﬂ”'(@, w)] Y,"™(0,¢) = 0v16mr m
1 0

and read:

20 +1 (1 — |ml)
ir (1+|m))

| .
;Pl|m| (cos B)e™?

Y (0.) = <—1><m+'m'>/2\/

with the Legendre polynomials P"(x) defined by

1 d
PZO(QZ') = QZ—Z‘@(IL‘Q—:[)Z for l:0,1,2,...
dm
P™z)=(1 —:I:Q)m/z—mPlO(:v) for m=0,1,2,...1

dx
see, e.g., Arfken and Weber Mathematical Methods for Physz’cistﬂ In particular

/1 /3
}/00(‘97 90) = E }/10(‘9, (,0) = ECOS@
1 3 . ip -1 3 . —ip
Y (0,0) =— 8—7Tsm€e Y (0,0) = S—Wsmee

We find Y"(r — 0,9 + 7) = (=1)'Y;™(0, ), thus the spherical harmonics are

eigenstates of the inversion r — —r with eigenvalue (—1)".

2Abramowitz and Stegun Handbook of Mathematical functions includes a factor (—1)™ for
P ().
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3.2 Algebra of Angular Momentum

The commutation relations of the angular momentum have their origin in the
transformations of objects under rotations. In an arbitrary ket space, we consider
an infinitesimal rotation around the z-axis with angle d¢. Then, any ket |a) is
mapped onto another ket |a’) via a linear operator U,. As the norm of any ket is
conserved under rotations, U, needs to be unitary. For small angles the changes

in the state are proportional to d¢ and we can write

i0¢ -

U,=1-— ?J with an Hermitian operator J,

This generator of rotations around the z-axis, jx, is referred to as a general angular
momentum operator and the corresponding operators jy and J, are analogously
defined. Based on the geometrical rules, how rotations around different axis com-

mute, we find

A

In an arbitrary ket space the Hermitian angular momentum operators jx, jx, Jy
satisfy
JJ,Jk 1hZ€]lil (33)

This is the algebra of angular momentum.

Based on the algebra and the fact that J is Hermitian we can deduce all the other

properties discussed in the rest of this chapter.

/\

We define the square of the angular momentum J* = JE + ij + J? satisfying

o S NN
[J2,J;] = 0 and the shift operators J. = J, & 1J, satisfying <Ji> =J
Proof of: [J2,J,] = 0:

Let j = z (for the other components, the proof works similarly). Then we have

[J2+ T2+ J2, 0] =[J2, 1) + [J2, J.]

= [oy T o L] Ju 4 Jy [y, L)+ [y, J2] Ty = 0
—— = N =

:—ijy :—ijy :ijz :ijz
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3.2.1 Determining the eigenvalues

As [32, jz] = 0, there exists a basis of an appropriate ket space consisting of
common eigenstates of the operators J2 and J,. Let |¥) be such a normalized
state. In the following we will determine the properties of the corresponding

eigenvalues.

1. The eigenvalues of J2 are not negative.
Proof: Let J2|¥) = o|¥). Then
a = (U|J°[0) = (U, |W,) + (U, [W,) + (V.[P.) >0
where |0;) := J;|®) and thus (¥;| = (¥|.J;, as J; is hermitian. O
Therefore we can write the eigenvalues as
F|W) = j(j + DR ®) and J.|T) = mh|¥)

where we temporarily allow j € Rt and m € R (they will turn out to be

half-integer numbers later).

2. Consider |¥,) = J, |¥). We find
(W | W) = (U[J_Jy | W) = (U|J2 + J2 +i[J,, J,)|¥) = (U|T* — J2 — hJ.|D)
=[i(j +1) —m* — m]n*
Thus
(@) [Uy)=|null) &m=j5 or m=—j—1

(b) For m > j or m < —j — 1 we would find (¥, |¥,) < 0. Thus —j —1 <

m < j is required.

(c) |¥,) is also eigenstate of J% and .J, with the eigenvalues j(j 4+ 1)h? and
(m+1)h.
Proof:

P|0,) =PI = LI|0) = J,j( + DR|Y) = j(j + DR?[Ty)
J0) = L+ 10)IW) = (o4 10) 219 + (e L] + 112, ) 19)

= (J, +1J,)mh|¥) + h <ijy + jx) W) = (m+ DT, O
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Now we write | V) = |a, j, m), where a denotes further quantum numbers, as
there can be several states with equal j and m. Using (a) and (c) we define

for m # j

1
AiG + D) —m(m + 1)

la,jym+1) = J.la, j,m) (3.4)

The repeated operation of j+ provides a sequence of states |a, j, m), |a, j, m+
1), |a,7,m + 2),.... This sequence stops if m + i, = j, as in this case
j+|a, jym+i.) = 0. If the sequence does not terminate one reaches states
contradicting (b) for i > j — m. The necessity to stop provides us with the
condition that m = j — 7, with 7, € Ny holds.

3. Consider |¥_) = J_|¥). Now we find (U_|¥_) = R2[j(j + 1) — m? + m]
implying
(a) [V )y=|nul) &m=—j or m=j+1

(b) For m < —j or m > j + 1 we would find (V_|¥_) < 0. Thus —j <
m < 7+ 1 holds.

(¢) |W_) is also eigenstate of J* and .J. with eigenvalues j(j + 1)h? and
(m — 1)A.

For m # —j we define

1

= J_ a,j,m .
N e M

|a7j7m_ 1>

Now the repeated operation of J_ provides a sequence of states |a, j, m),
la,j,m — 1), |a,j,m — 2),.... This sequence stops if m —i_ = —j holds, as
J_|a,j,m—i_) =0 in this case. Otherwise the state |a, j, 7 —1i) contradicts
(b) for i > —j +m. Thus m = —j 4+ i_ holds with i_ € Ny.

Summary of 2 and 3:

For each common eigenstate |U) of J2 and J, with eigenvalues j(j + 1)h2? and mh
holds:

e Therearei,,i_ € Nywithm+i, =jandm—i_ =—j. = 2j=1i,+i_ € Ny
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e Repeated operation of j+ and J_ creates a sequence of states |a, j, m’) with

m' = —j,—j+1,...7, which are all common eigenstates of J? and .J,.

The results of the points 1, 2, and 3 can be summarized:

The operator J2 have the eigenvalues j(j + 1)A2 with j = 0, 1.1,3.2 5 .. The
corresponding eigenstates form multiplets M7 of 25 + 1 states |7, m) with m =
—j3,—J + 1,...7, which are eigenstates of J, with the respective eigenvalue mh
Le.,

J2j,m) = j(j + DR*|j,m) and J.|j,m) = mh|j,m) (3.6)

3.2.2 Implication for systems with rotational symmetry

Now we want to consider the Hamilton-operator in a rotated system. For this
purpose we consider the matrix element (U;|H|¥,) and rotate all states by Ug
resulting in (W) |H|W,) = (U, |ULHUR|W,). If the system described by the Hamil-
tonian is rotational invariant, (U)|H|W,) = (4| H|¥,) must hold for arbitrary
states |Wy),|Ws). This directly implies the identity (A]IT%[:[ Ur = H. Considering
infinitesimal rotations around the axis j, we have Up = 1 —idp.J;/h+ O{6p?} and

040, = B Lol 1]+ 0{og?)

Thus we obtain the important relation:

System is invariant under rotation j-axis < [H,.J;] = 0 (3.7)

which relates the commutation relations of the Hamilton operator with the angular

momentum to the rotational invariance of the system.

Consequently, the Hamilton-operator H has rotational symmetry around all axis,
if [H,J;] =0 for all i = 2,4, z and we also find [H, J?] = 0. Therefore there exists
a system of common eigenstates for the operators H , J2 and J, with respective
eigenvalues F, j(j + 1)h? and mh. For such an eigenstate |¥), we can construct
|Wy) = Jo|¥) and find H|U,) = HJ.|0) = J.H|U) = J.E|¥) = E|¥.). Thus

|W.) are eigenstates of H with the same energy. Repeating this procedure we find:
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In systems with rotational symmetry around all spatial axis, there is a complete
set of common eigenstates |n, j, m) for H,J% and J,. For given 7, the multiplets
M7 with m = —j,—j+1,...J have the identical energy.This provides a (2j + 1)-
fold degeneracy.

The index n is commonly used to distinguish states with the same 7 and m, but

different eigenvalues E,,; of H.

FExample: The isotropic three-dimensional harmonic oscillator has a non-degenerate
ground state with energy 3hw/2 and a three-fold degenerate first excited state with
energy bfuw/2. Which z-components of the angular momentum can be measured

in the respective states?

The isotropic three-dimensional harmonic oscillator has rotational sym-
metry around all spatial axis. Thus a non-degenerate state must belong
to a multiplet M, and the only possible eigenvalues of L, is zero. For
the first excited state, the three-fold degeneracy is a M?! multiplet
(without further arguing, we could not exclude the alternative case of
three M multiplets, which accidentally have the same energy, but this
is not the case). Thus one can measure a z-component of —Ah, 0, or &

for the angular momentum.

3.2.3 Example: Matrix representation of the angular mo-

mentum operators

Deuteron (a bound state between a neutron and a proton) is a nucleus with spin
1. This means the bound state is three-fold degenerate forming a M*' multiplet.
The three basis states |[j = 1,m =1), [j =1,m =0), and |j = 1,m = —1) span a

three-dimensional space of possible states for the deuteron nucleus.

Task: Find the matrix representations for the operators jx, jy, jz, and J2 in this

space.
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Let us use the following matrix representations of the basis vectors |j = 1, m)

1 0 0
11,1) <> | 0 11,0) > | 1 11,-1) < | 0
0 0 1

The columns of the respective matrices for an operator result from the action of
the operators on the basis vectors. Let us start with J_. Using Eq. 1) we find

0
J_|1,1) = /(1 +1)(1 — 1+ 1)A|1,0) = V2Ah|1,0) <+ V2 | 1
0
and similarly
0 0
J_|1,0) = V2R|1,—1) < V2 | 0 J_|1,-1)=0« |0
1 0

Putting the columns together provides the matrix representation of J_

0 0 0
J oh|{v2 0 0
0 V2 0

As j+ = ji, the matrix of j+ is just the transposed (and conjugated) matrix, due
to Eq. 1} From the matrices of J, we get directly the matrix representations
of jm and jy:

A o V2 0
szﬁ(J++J_)<—>§ V2 0 V2
0 vV2 0
) (0 =2 0
jy:%(j—_jnL)H%i V2.0 V2
0 V2 0

From the eigenvalue relations J,|1,m) = hm|1, m) we get

10 0
J.ohlo 0 o0
00 —1
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and J? is proportional to the identity operator as all three states have the same
eigenvalue j(j + 1)h? = 2h?.

J? & 2R2

O O =
O = O
_— o O

3.3 Spin angular momentum

The angular momentum of charged particles is proportional to its magnetic mo-
ment. The Stern-Gerlach experiment reveals two different measurement values
for the z-component of the magnetic moment for silver atoms (and several other
atoms). Also by spectroscopical methods, a double degeneracy of the electron
states, which is lifted by a magnetic field, can be observed in many systems. In
terms of angular momentum, a doublet is a multiplet M'/? and the data can be
explained by assigning an internal angular momentum with j = 0.5 to the electron.
This property is called electron spin and was originally postulated by Goudsmith
and Uhlenbeck in 1925.

3.3.1 Algebra and matrix representation

The angular momentum operators operators J referring to the spin are commonly
denoted by S, which we use in the following. Because spin is an angular momen-
tum, it has the algebra of angular momentum, so everything we discussed in the
previous section can directly be applied to S. We denote the two possible eigen-
states of S, with eigenvalues m,h = +h/2 by | 1) and | |), respectively. As moti-
vated above, the electron has an internal degree of freedom in a two-dimensional
space spanned by the eigenstates | ) and | |) of the operator S, with eigenvalues
m; = £1/2, repectively. In this basis a general state can be written as a column

(Spinor):

a,

a) = ap| 1) +ay] {) — ( “ ) (3.8)
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Let S’x, S’y? S, be the angular momentum operators in spin space. From the general

properties ([3.413.5] and we find

N 1 N 1
S :§h| ) S ) =~ §h| 1)
Spl 1) =0 Syl 4) =l 1)
S_11) =h| 1) S_[1) =0

In the basis | 1) and | |), the spin operators are therefore represented by the

following matrices

. 1 A 1 A
Sz—>72 0 S, —h 0 S_—h 00
2\ 0 -1 00 10

As S, = (Sy +5.)/2 and S, = (S, — 5_)/2i we obtain

the representation of the spin in the space M2 is given by
g = S}ex + Syey + gzez — g’a

01 0 —i 1 0
with the Pauli matrices o, = oy = | . 1 0, =
10 i 0 0 —1

Note that S and ¢ are vectors in the conventional three-dimensional real space,

with a direction pointing along the axis of rotation they generate. In contrast the
columns in Eq. (3.8) and the Pauli matrices are elements of the two-dimensional

complex spin space. E]

3.3.2 Spin precession in a magnetic field

Spins with mass m are commonly associated with a magnetic moment as

A

e
S :
o (3.9)

p=-g
for electrons as well as atoms, ions, and molecules, where the electrons turn out
to be most relevant and

f=g-—§ (3.10)

2m,,

3Here we refrain from writing the vectors S and ¢ as columns (or rows) with three elements
(which is actually a representation) in order to avoid confusion with the two-dimensional spin

space.
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for nuclei. Here e > 0 is the elementary charge, m. the electron mass and m,
the proton mass. The gyromagnetic ratio (or g-factor) depends on the particle:
For electrons the value g, = 2.0023 .. ﬁ results from relativistic quantum electro-
dynamics (the electron spin is a central feature in the formulation of relativis-
tic quantum mechanics, while it appears more artificially in the nonrelativistic
Schrodinger equation). For atoms, ions, and molecules, the orbital parts of the
electron may also play a role, providing g-factors between one and two. For protons
gp = 5.5883 ... 1is relatively large and neutrons have g, = —3.8263 . .. although they
are electrically neutral. Nevertheless, note that the nuclear magnetic moments are
generally three orders of magnitude lower than the electron ones due to the large

proton mass.

The interaction energy of a magnetic moment with a magnetic field is —u - B. For

an electronic spin we obtain the Schrédinger equation

e

B-S (3.11)

ih%]\l!) — H|U) with H=g,

Me

Using the common representation of the spin in the space M2, we find

L [a eh B, B, —1iB, a
in (] = g |
b dm. \ B, +1iB, —B, b

If the magnetic field is in the z— direction this equation is uncoupled, and the

solution can easily be written down:

t 0 7ith/2 e B
a(?) = a( )e' with the Larmor frequencyw; = Je€
b(())elet/Z 2me,

At this stage, the choice of wy is surprising as the time 47 /w, i.e., two cycles,
is needed to return to the original state. Things are however different for the

expectation values of the main observables:

W5 = (1) ) (’if N /2> (bgi) = Sal)F - o))
h

=5 ([a(0)]* = [6(0)[*)

4This quantity could recently be measured with a remarkable accuracy of 7.6 parts in 103,
B. Odom et al., Phys. Rev. Lett. 97 030801 (2006)
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Figure 3.2: Precession of the
classical spinning top. The <—__
torque acted on the spinning L

top by the gravitation points
in the same direction as p X
Be, for an electronic spin in
a magnetic field pointing up-

wards. (Figure from Xavier

Snelgrove, Wikipedia)

Not surprising, (¥|S,|®) is constant in time as the magnetic field is in the z—

direction. Similarly we obtain
(WIS.1) = () () (h(/)Q h{f) (;g) = 2@ M) + ol (1)
=hRe{a*(0)b(0)e“*'} = hA cos(wrt + )

for a*(0)b(0) = Ae® and finally (¥|S,|¥) = hAsin(wyt + ). The motion of
(U|S|W) is called precession. This motion is such that the projection on the z—y—
plane is moving along a circle with constant angular velocity like a spinning top, see
Fig. Note, however, that (¥|S,|¥) is the ezpectation value for the measurement
of the z-component of the spin. The actual measurement values are the eigenvalues
of the operator S,, which are £5/2 (see section .

3.4 Addition of angular momentum

I will start by giving some precise definitions and the main results. These might
seem a bit "dry” in the beginning, but this will allow you to recognize the important

results in the rest of the chapter.

3.4.1 Sum of angular momenta

Suppose we have two distinct angular momentum operators J; and J;. These

could for example be
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e A particle’s spin and it’s orbital angular momentum

e Two particles with spins S; = J; and Sy, = J,

Because J; and Jy are angular momentum operators, their components J; o; are
Hermitian and they satisfy the angular momentum algebra. We assume operators
J1 and J, each operate in different Hilbert spaces, J; operates in V; and J, operates

in V2.

The sum of angular momenta .J; and J, is an angular momentum J that operates
in the product space V =V, ® Vs

Ji=J @1+1®Jy, Hermitian, with [J;, J;] = ie;xhJy (3.12)

where I is the identity operator.

Remark that we often (read most of the time) just write J = J; +J, but remember
that J; only acts on V;. This implies that [J;, J3] = [/1 @ LI ® Jo] = 0 = [Js, J1].
Therefore

iy Jj] = [Ju QL +1® Jo;, J1j L+ 1R Jo] (
=[Ju®L Ji; I + [I® Jo, I ® Joj] (
= [Ji, Ji] @I +1® [Jas, Joj] (3.15
= igjphJir @ I+ 1 ® ie;hdo, (
= icijkh (Ji @ T+ 1® Jo) (
(

= IEUkth

Now one obvious complete set of commuting operators (CSCO) for this system is
{H IR T, I3, Jzz}, which is just an extension of what we did before, but now
taking into account both angular momenta (this turns out to be not quite true,
but we’ll see this when studying spin-orbit coupling). We now want to find a
complete set of commuting observables in which we can include the total angular

momentum operator. Now note that

PP=T I +2 Ty (3.19)
= J2 4+ I T e+ T Joy + 2010, (3.20)
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The last term on the right hand side in (3.19) can be written like this because we
know that J; and J, commute, and in we used properties of the step/shift
operators that were discussed earlier in this chapter. We see that there now is a
coupling term between .J; and .J, and this implies that if we want to have J? in
our CSCO, we can not have J;, and Jo, in it anymore, because [J; - J2, J12.] # 0.
Because generally for angular momentum we have that [J2, J;] = 0, we see here that
J# and J3 do still commute with J2. So we can start a CSCO with {J?, JZ, J3},
but we will need one more angular momentum operator. H Because for general
angular momentum operators we have [J,, Ji] = £AJ. it’s easy to show that total

angular momentum operator J, must be the fourth angular momentum operator

for our CSCO.

This means we have not two distinct bases that span the same vector space V.
The vectors that span these two bases will be written |j;m;joms) and [jm) (short
for |jmyj1ja)). The coefficients that determine the passage between these two bases
are called the Clebsch-Gordon coefficients,
J1 J2
Gmy=>" > (jima joma|jm)|jimy j2ms) (3.21)

m1=—j1 me=—Jja

(3.22)

where the Clebsch-Gordon coefficients are C'B(j, m, j1, j2, m1, ma) = (j1 mq jo ma|jm).

The quantum number j of total angular momentum obeys
J=h®j=h+j@®h+j—1® @5 — jo (3.23)

meaning that taking the product space of two angular momenta j; and j; gives rise
to different multiplets with total angular moment j. The total magnetic moment
m must obey

m=my + ms (3.24)

5 Note that here we did not include H, our Hamiltonian in the CSCO, but it must actually
be there to determine the principle quantum number n. For a system with a central potential
this number’s given by solving the radial equation, as we’ve seen before. Here we concentrate on
angular momentum, but when including coupling terms between J; and Js in the Hamiltonian

we must take a closer look at the CSCO again.



3.4. ADDITION OF ANGULAR MOMENTUM 69

this is quite easy to see as the eigenvalues for J;, and .Js, are linear. It’s important
to note that the total angular momentum j # j; + jo (there’s only one multiplet

that has this property, but there are other multiplets with other j).

Example: for j; = % and j, = %, one has j € {g, %, %}

3.4.2 Two spin one-half particles

The spin operator S = (S;, Sy, S;) is Hermitian and satisfies the angular mo-
mentum algebra. In fact, there are only two types of angular momentum, orbital
angular momentum and spin angular momentum. Orbital angular momentum acts
on spatial degrees of freedom, whereas spin angular momentum only acts on spin
degrees of freedom. Spin angular momentum is said to be an intrinsic property of

particles (Fermions in fact). Here we will write eigenvalues equations as

1 1
S?|s, m) = h?s(s + 1)|s, m) = Zh2|§, +-) (3.25)

2
h1l 1

+2) (3.26)

z|9y :hv ::i:__7
S.|s, m) ls, m) 5150 5

1

with s = 5

and m = £3 (spin up +, spin down —). ﬂ

Eigenbasis for total angular momentum

For two spin—% particles, the product space V; ® V, is four dimensional, spanned

by the vectors
)1 @ [+)2, [F)1 @ [=)2, [=)1 @ [+)2, |=)1 @ | )2, (3.27)

Note that I here labeled particle one and particle two, so I suppose that I know
which is which. This is of course not true in general, but we here keep the con-
vention that the left hand vector space is for particle one, the right vector space
for particle two, even if I don’t always specify the labels. The total spin angular

momentum operator is written

S=S51+8=5@[+1®S,. (3.28)

6 Note that I often use shorter but equivalent notation: [$1) =|1) = |+) and [$ — 1) = |

)= I-).
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The first important question to answer in order to understand what’s happening
is the following; What are the eigenvalues of S, = S, + 55,7 We see that

1 11 11 11 11
S:(15, 50 @15, 5)) = Slz|§a 5) ® |§> 5) + |§, 5) ® 52z|§a §>
11 11
:h(|§, §>®|§7 §>), so m=1 (3.29)
11 1 1 11 1 1 11 1 1
S:l5, 5 @15, =3)) = 5ul5, Sl @l —5) +5, 5) ® 82l —3)
=0 so m= (3.30)
1 1 11 1 1 11 1 1 11
SZ(|§, —§> ® 3, 5)) = Slz|§7 —§> ® ’5’ §> + |§7 —§> ® 52z|§7 5)
=0, so m= (3.31)
1 1 1 1 1 1 1 1 1 1 1 1
S > —§> |§, —§>) Slz|§7 —§> ® |§7 —§> + |§7 —§> ®52z|§> —§>
11 11

We see that simply m = mi +ms, as expected from the fact that the eigenvalues of
S, are linear in m. Because total angular momentum satisfies all general properties
of angular momentum we have here that m € [[—7,j]], so we have at least one
multiplet with j = 1, meaning that m € {1,0,—1}, so this gives us a triplet. Our
product space is spanned by four vectors, so there must be one more vector to
find, this is a singlet state with j = 0 and m = 0. We will write these states using

the usual notation for angular momentum as

{11, 1), |1, 0), |1, —1)} Triplet (3.33)
{10, 0)} Singlet (3.34)

It can be seen, as given in the previous paragraph, that one can write %@% =160.
In terms of number of states one could write 2 x 2 = 341, meaning that two vector
spaces of dimension 2 each give rise to two multiplets, one of multiplicity 3 (triplet)
and one of multiplicity one (singlet). The thing to do now is to find how these

two basis are related. One can easily convince oneself that the states with largest
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magnetic moments |1, 1) and |1, —1) are just,

L1 =15 5) 85 5) = e, (3.3)
1 -1) =I5 el —3) =D el), (3.30)
(3.37)

The third state of the triplet and the singlet state can be expected to be some

linear combination of the two states that are left over. We thus have do determine

11 1 1 1 1 11

L0)=al>, 2)®|=, —= - .
1,0} =al, 5) @5, —5) + b5, ) @5, ) (339)
11 1 1 1 1 11
==, V@ |2, =) +d|=, =) ® =, = .
0,0) =l 5) @ |5, =) +dl5, —5) ® 5, 5) (339)

with the condition that |1, 0) and |0, 0) are orthogonal. We can find |1, 0) easily
by operating on |1, 1) with the step/shift operator, satisfying

Syls, m) =h/s(s+1) —m(m=*1)|s, m£1). (3.40)
This gives us
S_[1,1) = hy/1(1 + 1) — 1(1 — 1)[1, 0) = V2R|1, 0) (3.41)
= 5.3, 315, 3) (3.42)
=515 @l D+ 508 155 ()
—hg, 2 ®l5. )+ Iz ) 5 —3)) (3.44)

We conclude that
1 1 1 11 11 1 1
1. 0) = -z -z i N 3.45
1, 0) \/5(’2’ )l 5+ 15 5 el 2>) (3.45)

And because |0, 0) has to be orthogonal it can be written

1 1 1 11 11 1 1
0,0)=—(—|=, —2)®|=, =) +|=, 2V ®|=, —= 3.46

where we used the same sign convention as in the Clebsch-Gordon tables. The

question now is if the states we just found are indeed eigenstates of the operator
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S2. We verified in class that |0, 0) is indeed eigenstate with eigenvalue zero, and
it’s a good exercise to do it yourself for the triplet states. To do this one has to

use the identity

S? =S} + S5 +25,- S, (3.47)
= 57+ S5 + 2(S145 + S1ySay + S1:52:) (3.48)
= S7 + 55+ 5148 4+ S1_Sap + 251,85, (3.49)

Now what if our two particles are indistinguishable? Well, the spin statistics

theorem loosely tells us the following:

Under the exchange of indistinguishable particles the wave function must be:

e symmetric for integer spin particles (bosons)

e anti-symmetric for half-spin particles (fermions)

We will not give a proof of this theorem here, but we’ll work with to analyze our
singlet and triplet spin—% states. We have to remember that in general we can

write the wave function for Fermions as

gb(’l"l,sl;'l"g,SQ) = —qb(’I“Q,SQ;'I"l,Sl) (350)

so there is a spatial as well as a spin dependence. If we exchange particle one
and two in the triplet spin states, it can be seen we get back exactly the same
wave function. This means the spatial part of the wave function for the triplet
states must be anti-symmetric in order for these states to obey Fermi statistics.
It was shown in class that as a consequence the spins in the triplet states can not
occupy the same orbital or the same space. This means that, moving in different
orbitals, these states have much lower Coulomb energy that the singlet state (that
is anti-symmetric in spin space, and symmetric in real space). As stated by one
of Hund’s rules, the higher the multiplicity, the lower the energy of the states in
that multiplet.

Coupling of Two Spins, the Product Space

In order to become acquainted with the addition of angular momenta we consider

two spin—%— particles. Such a physical system is positronium, which consists of one



3.4. ADDITION OF ANGULAR MOMENTUM 73

electron (index e) and one positron (index p in this section). If this "atom” is in
its ground state the particles are in a relative s— state and do not carry orbital
angular momentum. The total angular momentum of the system is given by the

two spin operators
S=S.+8, (3.51)

Formally this operator acts on the product space of electron and positron spin kets.
Generally the product space is a new space of kets, which can be constructed as
follows: One chooses a basis for each space. Then the product space is spanned by a
basis consisting of all pairings between the basis kets of both spaces. Consequently
the dimensions of the product space is the product of the dimension of both spaces.
In our case of positronium any ket of the product space (with index ep) can be

written as

(Wep = 1 [ e @ [ Dp+az | De @ [D)p+az| De @ [Ty +as| D@ [ 1)y (3.52)
N——— ~~ 7 N ~~ 7 N——

=la1)ep =laz)ep =laz)ep =la4)ep

where the ® is the common symbol for this kind of combination. Note that the
order really matters, as on the left-hand side of ® we have the electron state, while

the positron state is located on the right-hand side.

Any type of spin-spin interaction causes the coupling between the spins by an
effective Hamiltonian operating on both spin spaces simultaneously. Motivated by

the classical interaction between magnetic moments, a typical Hamiltonian is

H= ﬁSe S, = E(Sexsm + SeySpy + SezSpz) (3.53)
where U > 0 if the two particles have opposite charge. Now we want to use the
matrix representation with the basis defined in Eq. (3.52). We have to evaluate

matrix elements such as

NN h, 4 h? h?
<ai|Sexpr(’ T>e X ’ T)p) = §<az|sex(| T)e & ‘ ~L>p) = Z(al‘( i)e & ‘ ~L>p) = Z(Szél
In this way we obtain the first column of the representation
0001
A A |10 010
SexSpr = —
P 410100
1 000
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and the other columns are obtained analogously. Similarly we find

00 —1 1 0 0
o B2 01 0 A P10 -1 0 0
SES — — SezSz_>_

PP 410 10 0 P 410 -1 0
100 0 0 0 0 1

This provides the stationary Schrodinger equation H |¥) = E|V¥) in matrix repre-

sentation
1 0 0 Qq Qg
g 0 —1 2 0 (6% - B (0%)]
410 2 =10 Qa3 as
0 0 0 1 Oy Qg

Thus the eigenvalues E; and eigenstates |¥;) are obtained by matrix diagonaliza-

tion. We find a threefold eigenvalue E; = U/4 with corresponding eigenstates

1L1) =[T)e®][ T

1.0) =5 (19 @ 1 0, + 1 D@1 1) (354)

|17 _1> :| \L)@ ® | \L>p
and a single eigenvalue Ey = —3U /4 with corresponding eigenstate
1
V2

These states |j,m;) are actually eigenstates of the total angular momentum op-
erators S? and S, as defined in Eq. (3.51) with eigenvalues j(j + 1)h* and m;h,

respectively, as direct evaluation shows (see also exercises). Thus the structure of

10,0) = = ([ De@[L)p = [Le @[ 1)) (3.55)

the solutions can be seen as a consequence, that the Hamiltonian commutes
with the total angular momentum (i.e. []:I, S*l] = 0 for i = x,y, 2, as shown in
the exercises). As discussed above, the commutation relations have their origin
in spatial symmetry and thus they reflect the fact that the Hamiltonian for the

positronium atom has to be invariant under spatial rotations.

Some physical background: The singlet with total spin 0 is called para-positronium
and is the ground state. It decays with a mean lifetime of 125 ps into two photons

flying in opposite direction of 511 keV each. (This pair of photons is actually
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used in positron emission tomography). The triplet with spin 1 is called ortho-
positronium and is an excited state about 0.84 meV above the ground statd]
Due to its internal symmetry it cannot decay into two photons, and the required

three-photon process provides a significantly longer lifetime of 142 nsﬂ

3.4.3 Spin-Orbit Coupling and Fine Structure

Now we consider both the orbital- and spin-degree of freedom of an electron to-
gether. (The results obtained here can be easily generalized to the coupling of
other kinds of angular momentum.) Thus we have to work in the product space
between the spin-1/2 kets and the spatial kets, which is spanned by the basis ele-
ments | 1) ® |r), | }) ® |r), where r runs over the entire space. The representation

of an arbitrary quantum state in this basis is the spinor

T — (38) (3.56)

In the following we want to classify the possible eigenstate of angular momentum

in this product space.

Eigenstates of total angular momentum

As the spin S and orbital angular momentum L act in different ket spaces we find
[f/i, SJ] =0 for all 7,5 = z,y, 2. Thus the operators ﬁ2, jlz, S2 and S, all commute
with each other and we can identify a basis, which consists of eigenstates of all
these four operators. According to their eigenvalues, these basis elements can be

denominated as |a, [, m;, s, ms)1, where a is lifting any remaining degeneracies.

System 1: |a,l,my, s,m,); are eigenstates of L2, L., S2, and S, with

eigenvalues (I + 1)h%, myh, s(s + 1)h?, and mgh, respectively.

Here we have m; € {—1,—l+1,...1} and ms € {—s,—s+1,...s}. In our case of

an electron s = 1/2 is fixed, (but we keep the index in order to be more general)

Taccording to T. Yamazaki, Phys. Rev. Lett. 108, 253401 (2012)
8Lifetimes after A. Badertscher et al. Phys. Rev. D 75, 032004 (2007)
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and an example for a spinor representation is

1
la,l =2,m;=1,s=1/2,ms =1/2); — <Y2 w?i’))fa,l(ﬂ)

where f,;(r) is some radial function.

The total angular momentum is the sum of the spin and orbital part J=L+S and
satisfies the general commutation relations for angular momenta as can be easily
checked in the exercises. Thus one can construct a basis with common eigenstates

of J2 and J,. For the square of the total angular momentum we find
P =L?+8?+2L-S=L*+S>+2L.5. +L,.S_ +L_S, (3.57)

As L? and S? both commute with I:Z and S’Z, we obtain the commutation relations

J2 L] =2 Z[i;n, L.]S, = 2ih(—L,S, + L5S,) (3.58)
[J2,5.] =2 Z Ly - [Sy, S.] = 2ik(L,, S, — L,S,) (3.59)

Therefore it is not possible to find a common system of eigenstates of J2and L,
or of J2 and .. Consequently, the states of system 1 cannot be chosen to be

eigenstates of J2 as well (except for special cases when [ =0 or s = 0).

However we find:

(32,17 =2 "[L,, 175, =0, [J., L] =0 (3.60)
(32,87 =2 " L,[5,,8% =0, [J.,S% =0 (3.61)

Together with the relation [jz, J %] = 0 we find, that there exists a common system

of eigenstates of the operators J2,.J,, L2 and S? namely

System 2: |a, j,mj,l, s)s are common eigenstates of 32, jz, f;Q, and S? with
eigenvalues j(j + 1)h?, m;h, [(1 + 1)R?, and s(s + 1)h?, respectively

As system 1 and system 2 span the same ket space, it must be possible to express
the basis states of one system as linear combination of the basis of the other system.

The change in bases is given by

|.]7mj7las Z Z C jamyml)msalas)u my, s, ms>

ml——l ms=—S
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where the numbers C(j, m;; my, ms; 1, s) are the Clebsch-Gordan coefﬁcientsﬂ In

particular C(j, m;;my, mg; 1, s) = 0 holds, if m; # m; + m; as J,=1L.+8,.

Example: Determine the Clebsch-Gordan coefficients of the state

W) = {j:%7mj :%,lzl,s:%>2.

As my; +ms = 1/2 we have to consider the two states

0y=1|l=1 =0 _ ! _ ! I =1|l=1 =1 _ ! _ 1
=|l=1m=0,s=—-,m,=— =|l=1m=1,s==-ms=—=
P ’ 2’ 2/, : 2 2

of system 1 and write |¥) = ag|0) + a1|1). According to its definition

J2|¥) = 312|0). Using Eqgs. we find

3 1 - . AN A oA A oA
7(@0l0) +ail1)) ZE(LQ + 8% +2L.5. + Ly S— + L_Sy)(aol0) + ay1))

—ag KH%) 10) +\/§\1>} +a Kz+§— 1) 1) +\/§yo>]

W

Comparing the coefficients of |0) and |1) provides

§ao: <2+§) aop +v2a; and §611:(1"‘§) a1 + V2a

4 4 4 4
with the solution a; = —v/2ag. Normalizing |ag|? + |a;|? = 1 provides
. 1
ao=C(j=1/2,m; =1/2;m;=0,m, =1/2;1=1,s=1) = 7
2

a;=C(j=1/2,m; =1/2;my=1,m,=—-1/2;l=1,s=1) =1/ =

w

In spinor representation we can write

1 1 1 (=Y, )
j==m;=-,1l=1,s —> - — !
3" =) 2/, ﬁ(ﬁm,w

9See, e.g., http://pdg.1bl.gov/2011/reviews/rpp2011-rev-clebsch-gordan-coefs.pdf
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Fine structure of the hydrogen atom

For the hydrogen atom the main ingredient of the Hamiltonian is the Coulomb
potential of the proton, which does not depend on spin. Thus the corresponding
Hamilton operator is diagonal in spin space and the energy eigenvalues 13.6 eV /n?
only depend on the principal quantum number n together with the restriction
[ < n. In this case we can use either system 1 or system 2 for a classification of
the states.

As both spin and orbital angular momentum are related to a magnetic moment,

the interaction between these moments provides the Spin-orbit-interaction
2 c oo 1 2 12 &2
fso = f(r)L-$ = Jf(r) (32— 17 - 8?) (3.62)

A relativistic calculation (e.g., Bransden and Joachain, Quantum Mechanics, chap-
ter 15.6) provides for a central potential:

1 10V

©2m2c2r Or

Together with Eqgs. (3.58/3.59)) it follows
[Hso, L.] = if (r)h(—L,S, + L,S,) and [Hso,S.] = if (r)h(L,S, — L,S,)

f(r)

Thus, there is no common set of eigenstates of ﬁso and f/Z or SZ, and neither my;
nor m, are good quantum numbers to describe the energy levels of the hydrogen

atom if spin-orbit interaction is considered, i.e., our system 1 is of no use. In

contrast we find with Egs. (3.603.61)):
[Hso,3% =0, [Hso,J.] =0, [Hso,L?*=0,and [Hso,S% =0

Thus there exists a common system of eigenstates of the operators ﬁso, J 2 jz,
L? and S2. We conclude that system 2 with the quantum numbers 5, m;, [ and
s is appropriate to describe the energy levels of the hydrogen atom if spin-orbit
interaction is considered. Due to symmetry, these provide multiplets, with respect
to the index m;. Thus the levels can be classified by n, [ and j in the form
nl;, called spectroscopic notation, where [ is replaced by the letters s,p,d.f for

[ =0,1,2,3, respectively.

How are the energy levels changed by the spin-orbit interaction?
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ground state n = 1; [ = 0; s = 1/2: This only allows j = 1/2. As j(j +1) —
[(14+1)—s(s+1)=0in Eq. (3.62) the spin orbit interaction vanishes
— No change in energy for ground state 1s; o

first exited state n =2;1=0,1; s = 1/2. Possible states in system 2 are:

o j=1m;==+51=0,5=1)y provides j(j+1)—I(l+1)—s(s+1) =0

— No change in energy for 2s;

e j=1m;==+31=1,s=1)y Then we find j(j+1)—{(l+1) —s(s+
1)=-2
— reduction in energy for 2p; /o

o j=3m; =245 %3 1=1,5s=3) Then we find j(j +1) —I(I+1) —
s(s+1)=1

— increase in energy for 2ps/;

Spin-orbit interaction lifts the degeneracy between states with different j and [

of the hydrogen atom, which is called fine structure

In addition, further relativistic terms and the Lamb shift have to be considered for
a quantitative description. However the classification of the states remains valid,
as it is a consequence of symmetrym. We could make rather general statements
and avoided the effort of matrix diagonalization as we implied the correct symme-
try. Finally, note that the energy shifts by the fine structure are of the order of
41peV (shift between 2p;/, and 2ps/s E[) and thus significantly smaller than the
energy difference between the n = 1 and n = 2 state of approximately 10 eV. The
hyperfine-structure due to the coupling to the magnetic moment of the proton is
even smaller (the splitting between the singlet and the triplet in the ground states
is 6 ueVE. This is much smaller than for the case of positronium (Sec. as
the magnetic moment of the proton is much smaller than the one of the positron

due to the substantially higher mass.

10The ordering of levels is also preserved, albeit only a little difference between 2s; /2 and 2py /2,

called Lamb shift, remains. See, e.g., the textbook of Bransden and Joachain
1 According to E.W. Hagley and F.M. Pipkin, Phys. Rev. Lett. 72, 1172 (1994)
12according to D.J. Griffiths, Am. J. Phys 50, 698 (1982), where a simple quantitative calcu-

lation is performed
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Chapter 4

Magnetic Fields

Up to now we considered quantum systems which correspond to classical systems
with a mechanical potential V(r) as well as the spin, where no classical analog

exists. Now we focus on electromagnetic fields, where the Lorentz force
F =qv xB+¢E (4.1)

on a particle with charge ¢ due to the electric field E(r,t) and the magnetic field
B(r,t) is not the gradient of any potential V' (r).

4.1 Hamilton Operator in an Electromagnetic Field

4.1.1 The electromagnetic potentials

The homogeneous Maxwell equations (the equations, which do not contain charges

or currents) read

V:-B(r,t)=0 and V xE(r,t) = —%B(r,t)

The first one implies the existence of a field A(r,t) (called vector potential),
with B(r,t) = V x A(r,t). Inserting this into the second equation provides
V x (E+0A/0t) = 0. This in turn implies the existence of function ¢(r,t)
(called scalar potential) with E + 0A /0t = —V¢(r,t). In summary, the electric

81
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and magnetic field can be expressed by potentials as

OA(r,t)

E(r,t) = —V¢(r,t) — BT

B(r,t) =V x A(r, 1) (4.2)

which satisfies the two homogeneous Maxwell equations. This generalizes the (pos-
sibly better known) stationary case with time-independent fields and potentials,
where E(r) = —V¢(r) and B(r) = V x A(r).

For example, the electromagnetic wave

kE,
E(r,t) = Epe, cos(kz — wt) B(r,t) = Toey cos(kz — wt)

can be expressed by the potentials

1
A(r,t) = —Epe, sin(kz — wt) o(r,t) =0
w

Note that the potentials are not unique as the substitution

Al(r,t) = A(r,t) + VF(r,t)  ¢'(r,t) = ¢(r,t) — %F(r,t} (4.3)

provides identical fields for arbitrary scalar functions F'(r,t), which is called a
gauge transformation. This provides the freedom to specify V - A(r,¢). Common

choices are V - A(r,t) = 0 (Coulomb gauge) and V - A(r,t) = —c 20¢(r,t)/0t

(Lorenz gauge).

4.1.2 Main result

While the potentials A(r,t), ¢(r,t) are useful (but not necessary) in classical elec-
trodynamics, they become of central importance in the formulation of the quantum
theory for particles interacting with electromagnetic fields. The main concept is

summarized as follows:
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The Hamilton operator for particles with mass m and charge ¢ reads

5 (P—qA(X,1)?

H= 5, + qo(t,1) (4.4)

where the operators p and r satisfy the canonical commutation relations
. h L -
i 73] = 05 [Pl =0 [7i, 7] =0 (4.5)

In spatial representation, the (canonical) momentum operator p becomes %”V as
usual. However it differs from the kinetic momentum
(W[ )

- (4.6)

p" = p — ¢A(t,t) providing the average velocity (v) =

This structure of the Hamilton operator can be deduced in the context of analyt-
ical mechanics by considering the classical Hamilton functionﬂ. As a less formal
alternative, we show in Sec. [£.1.3] that the Hamiltonian provides the same equa-
tions of motion for the expectation value of the position operator as the classical

theory and thus makes sense.

In this context it is important to notice, that the components of P do not satisfy

the canonical commutation relations. Instead we find the important relation

L (OA(E 1) BAE D) . ) (4.7)
ﬁhQ( éri R = ihqgey By (T, 1)
where we used the relation
o e ROF(T)
i S = 5 (1)

and V x A = B from Eq. (4.2)), where ¢;;;, is the Levi-Civita tensor.

!See, http://www.teorfys.lu.se/staff/Andreas.Wacker/Scripts/quantMagnetField.
pdf| for a short outline.


http://www.teorfys.lu.se/staff/Andreas.Wacker/Scripts/quantMagnetField.pdf
http://www.teorfys.lu.se/staff/Andreas.Wacker/Scripts/quantMagnetField.pdf
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4.1.3 Justification of the Hamiltonian*

In order to justify the choice (4.4) for the Hamiltonian in the presence of an

electromagnetic field we consider the time evolution of the average position.

o) = oy | (PO a0) | o) = u P

in agreement with Eq. (4.6).

Now we evaluate the expectation value for the acceleration times the particle mass,
which should correspond to the classical Lorentz force (4.1)).

ke d
< opw
maa (Y = &

ﬁ@ﬂL%;/mh%+%@HW@wAmM% oVl A Y)

g prinywy = <mm@mmw+@(?Am)w>

N

-~

TV
Term II Term III

-
Term I

OP( rt)

The commutator in Term 2 becomes just ihg=7 = using Eq. (?7). Comparing

with Eq. . we identify
Terms II4111 = (V|gE(r, t)| V)

which is just the electric field part of the Lorentz force (4.1)).

In term I we consider

[(ﬁi{ln) 7]9§<:1nej} (piﬂn[iﬂnjp;qn] + [ lzﬂnjp‘l?(m]pinn)
zlhqei]’k (plmBk( ) + Bk( ) km) e]

where Eq. (4.7) was used. This can be written as a cross product we obtain

2m

1?)kin IA)kin
Term I = ¢(¥| (2 « B(i, 1) — B(#, 1) x >|\1f>
m

which is a symmetrized version of the magnetic field part of the Lorentz force (4.1]).
Together we find

2

d p
s el = oco (B

~kin A kin

N ~ |y
B(r.t) — B(r,t
X B(i,1) ~ B(i,1) x ©

)mww@m@ﬁw>
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which corresponds to the expectation value of the classical equation of motion.ﬂ
This general correspondence between classical and quantum physics is called Ehren-

fest theorem.

4.2 Zeeman Effect

A constant magnetic field B can be described via the vector potential

A(r) = %B X T (4.9)

Including a static electric potential ¢ the Hamiltonian (4.4)) reads

g _ (P*—qA(R) - p—gp- A(F) +¢*A%(F)

5 + qo(t)

The choice (4.9)) of the vector potential, satisfies V- A(r) = 0 (also called Coulomb
gauge). Then we find with help of Eq. (4.8))

B A) ~ AM)- B = Y lh A0 = § Y 54,0 = 17 A =0

J

Thus we can write
~gA() D~ ap- A}) = ~20A(F) = —q(Bx) p=—(Fxp) B=-L-B

Furthermore we have

A?(f):}l(Bxf).(Bxf):}l{fx(Bxf)].B
1. o 1 ..
=1 [#°B — (B - 1)f] -B:£—1B2r2L

where 1 is the component of r which is perpendicular to B.

In summary we find the Hamiltonian for a charged particle in a constant magnetic
field and a static electric potential:

) 212
S X q - ¢'B
H=— ——B: L
+qq§(r) 2m + 8m

2m
2Note however, that on the right-hand side, the expectation value is taken over the fields and

i (4.10)

not directly over the spatial operator. Thus these does not provide a closed system of equations,

in contrast to the classical case!
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For atoms the last term is usually negligible. For the typical atomic length scale
2 ~ 1A% we obtain about 0.2neV x (B/T)?, which is very small. (Note that

magnetic fields of more than a few Tesla require substantial experimental effort.)

Lets now consider the hydrogen atom and ¢(r) is the Coulomb potential of the
proton. Then the kets |n, [, m;) are the well-known eigenstates of % + qo(r) with
energy E,. Adding a magnetic field in z-direction provides the additional term
¢ B. L, which splits each multiplet with fixed [ into 20+ 1 lines with energy shifts

2Me
eh
2Me

The Bohr magneton

m;B. Such a splitting of degenerate states in a multiplet is called Zeeman effect.

eh
2me

provides the magnitude of the splitting between two lines.

g = =57.88...ueV/T (4.11)

Combining with the Hamiltonian for the electron spin H = g.5—B - S, the influ-
ence of a constant magnetic field (in z-direction) on a bound electron is given by

the Hamiltonian

He_p= “ B <f/z + 9e5z>
2me,

Is this operator compatible with the common quantum numbers? We find that

H. 5 commutes with L., S,, as well as their sum J.. Furthermore [f[e,B,IA_JQ] =

0 and [H._5,S?] = 0. Thus there is a common system of quantum number

|l, my, s, mg)with the operators f/z, gz, f;Q, and S2. This provides the splitting
In=2,1=1,m;,s =1/2,mg); splits as upB(mp + gemsy)

On the other hand we learned that to describe spin-orbit interaction one has to
use the basis of total angular momentum |[j, m, [, s). However, we find that in the

presence of a magnetic field the commutator

© B(L. + 9.5.), 3 = = Blg. — 1[5, 37 = in? B0 L)

[Qme © 2m, Me

(L,S, — L,5S,)

is finite, where the relation [L, + S.,J% = 0 and [S.,J?] = 2iA(L,S, — L,S,) was
used. Thus there are no common eigenstates of J2 and the Hamiltonian in the

presence of a magnetic field and system 2 cannot be entirely right.

The energy of the spin-orbit interaction is comparable with pugB for magnetic
fields of the order of 1 Tesla. Thus for much larger fields, we may neglect the
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Figure 4.1: Results of a complete diagonalization of the LS-coupling and the ex-
ternal field term H = %—gt S+ % (f/z + 25}) for the six states of the 2p level.
For B = 0 we recover the fine structure, which splits in the magnetic field. For
pB > «, the lines follow approximatively ppB(m; + 2mg) + 2amym,. Since m; is
a good quantum number in both systems 1 and 2, states with different m;-values
do not interact (and may thus cross each other). In contrast, the two states with
m; = 1/2 (and similarly for m; = —1/2) couple to each other and thus neither
j nor my, mg are good quantum numbers for B # 0. For the hydrogen atom, we
have o =~ 14peV and «/up =~ 0.24 Tesla.

spin-orbit interaction and consider the Zeeman splitting within system 1. In the
opposite case of much weaker field, one can find the splitting of the fine-structure
levels according to m; with an effective g-factor as described in the chapter on
perturbation theory. This is illustrated in Fig. (4.1)).
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4.3 Landau Levels

Having considered the bound state before, we now focus on a free electron in a
constant magnetic field as described by Eq. (4.10]). If the magnetic field points in

z—direction we find

) ) R 232
H:p__iBLz+q
2m  2m 8m

(2° +9°) (4.12)

This Hamiltonian is rotational invariant with respect to the z- axis. Thus [H, L,] =
0. Similarly [H,ﬁz] = 0 holds. Thus we have a joint set of eigenstates of I:I, Da,
and IA/Z
At first we can separate the z direction, where the eigenstates are plane waves
el** in spatial representation with energy E(k) = h2k?/2m. We are left with a
two-dimensional problem

R 2 BQ
BL.+ 1

2m 2m 8m

With w = ¢B/(2m) this provides

~2 N2
'y :v+ A ~
H:p py_i (:)32—|—y2)

52 52

N D+ D 1 A

H="""Y4 —mw?(2*+ {*) —wL.
o o (@ +9°)

-~

HOSC

J/

Now f[osc is just the two-dimensional isotropic oscillator which can be immediately
solved, yielding energy levels Ey = hw(N + 1) where N = 0,1,2,... and there are
N + 1 states for each level V.

As [Hosc,iz] = 0 these states can be chosen as eigenstates of iz. In spatial
h o
. Bz
e and eigenvalues mh, which fully agrees with the three dimensional caseﬁ

Then one finds the

representation with polar coordinates r,p we find fLER = with eigenstates

Proposition: The eigenstates of the two-dimensional harmonic oscillator I:IOSC
with energy Ey = fw(N + 1) can be classified as the (IV + 1) states |N, my) with
my =—N,2—N,...N, where [:Z]N,mN> = myh|N,my).

3Note that Iffosc does not commute with ﬁT and IA/y Thus we do note find the multiplets
m = —l,—l+1,...1 as characteristic for systems which are rotational invariant in all three spatial

directions.
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Figure 4.2: Sketch for the origin of Landau levels. In the left panel, the eigenstates

Ry

of 2Py
2m

my. In the right panel the additional term —wl, is taking into account, where
w = qB/(2m).

+ smw?(2? +9?) re shown and classified according to the quantum number

which is proven in Sec. and is depicted in the left panel of Fig. 1.2l Now the
term —wL, provides the additional energy —hwm and thus the total energy of the
state| N, my) is

E(N,mN) :EN—hme:hw(N—mN—l—l) (413)

as shown in the right panel of Fig. 1.2l For each N the maximal possible my
provides E(N,N) = hw. The next largest my provides E(N, N — 2) = 3hw and
so on. We find that all these levels have an infinite degeneracy. These levels are
called Landau levels.

The energy of the Landau levels is given by hw(2n + 1) or

1
ELandau = h("-)c <Tl + §>

where the cyclotron frequency w. = eB/m corresponds to the frequency with which

the classical electrons spiral in a constant magnetic field.

4.3.1 Determining the possible m—values of the states |V, m)

Here we want to proof the proposition on page [88. Using the standard definitions

i . . mwA+, 1 R d mwA+, 1 R
2z = TPy —YPz, Qg = r—r+1 r, all Ay = 1
Py o 2n " ot PN e
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we can directly identify
L,= ih(a};ax —ala,) (4.14)

and calculate the commutator relations

(L al] =ihal and [L.,al] = —iha (4.15)

zZy Y zy My

With these tools at hand we proof the proposition by induction in V:

For N = 0 the ground state of the harmonic oscillator satisfies a,|0,0) = 0 and
ay|0,0) = 0. Thus we find from Eq. (4.14) L.|0,0) = 0 and this state is indeed an

eigenstate of L, with eigenvalues my = 0.

Assume the proposition is valid for a given N > 0. Then we consider the state

9) = —(a] — ia])|V.m)
and find
H|V) = hw(ala, + ala, + 1)%@; —ial)|N,my) = ... = (N +2)hw|¥)
LWy = Lo~ (af — ia})IN, mx) = ... = (my — D)D)

V2

where the commutation rules for the creation/annihilation operators and Eq.
are applied in the explicit calculation. Thus the state |¥) can be classified as
|IN + 1, my — 1). Similarly the state |¥) = \%(al +ia} )| N, my) can be classified
as |[N + 1,my + 1). Considering the definition of my this procedure constructs
states [N + 1, my41) with myyy = =(N+1),—(N+1)+2,... (N +1). As the
dimension of the subspace of the operator H with eigenvalue (N + 1)hw is just
N + 1, only N + 1 states can be linearly independent, i.e. those with different m.
Thus the states \%(al —ia})|N, my) and \%(al +ia})|N, my — 2) may only differ
by a phase factor.

Thus the proposition is shown for N + 1 and the proof by induction is closed.



Chapter 5

PERTURBATION THEORY

Only very few physical systems (such as the harmonic oscillator or the hydrogen
atom, e.g.) can be solved exactly by analytical methods. Thus one requires ap-
proximate solutions of a known Hamiltonian. Even worse, for many systems the
forces are not known precisely so one has to “guess” some rough Hamiltonian.
Other systems have such a complex structure that it is impossible to take all in-
teractions into account. In this chapter we will first concentrate on approximation
methods to calculate eigenvalues and eigenstates to the Hamiltonian. Later we

will shift focus and consider time-dependent effects.

In most situations it is reasonable to split the Hamilton operator into a known part
H, (typically time-independent), where one has sufficient knowledge about the
eigenstates and their energies (either by calculations or by symmetry arguments),

and a perturbation term V(t)
Ht)=Hy+V(1). (5.1)
The eigenstates |a®) of Hy satisfy
Aola®) = E2]a®) (5.2)

and form a complete ON basis of the ket space.

91
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5.1 Stationary Perturbation Theory

Let V be independent of time. Here we are looking for the exact eigenstates of
(Ho + A\V)|a) = E,|a) . (5.3)

The real parameter A is included here, which allows to change the magnitude of
the perturbation gradually. In the final result, A = 1 has to be used. The energies

E, and eigenstates |a) can be expanded in the parameter A as
E,=E°+ \E!} + N’E? + ... la) = |a®) + Aa') + N\*|a®) + ... (5.4)

which is called Rayleigh-Schridinger perturbation sem’eﬂ Here the upper indices
label the order on the perturbation series, i.e. E! denotes the change in energy of
the state |a") in the first order of the parameter A. The eigenstates are only defined
up to a complex factor. In order to uniquely define the state |a), we impose the
normalization (a|a) = 1 and choose the phase such that (a°|a) is a real positive

number for all A € R. The latter condition provides
(a|a™) € R
and the normalization provides with (5.4))

1 = (a’|a’) + M(a®|a') + Aa'|a®) +O{N\?}
N—— \ ~ v

=1 =2\Re{(a%]al)}

Thus (a’|a') € R results in
(a®la') =0 (5.5)

Inserting the expansion (5.4) into Eq. (5.3) provides:

(ﬁo + W) (1a% + Alab) + A2|a%) +...)
= (B0 + AEL + NE2 +...) (|a°) + Aa') + N?[a®) +...)

INote that there are many cases, where this expansion does not converge. A prominent
example is the one-dimensional harmonic oscillator Hy with V(x) = ai? for a > 0. Nevertheless

the lowest order terms in A provide typically reasonable approximations.
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Sorting the orders in A, one obtains

O(\°) Hyla") =E%|a")
O\) f]o|a1> + V|a0> :E2|a1> + E;|a0> (5.6)
O(\?) Hola®) + Vla') =E°|a®) + Ella') + E2|a°) (5.7)

Multiplying Eq. (5.6) with (b°| provides
(B°[V]a®) = (EY = E){(¥la") + E}das (5.8)

Now two different cases have to be considered separately.

5.1.1 Non-degenerate case

Let E? be an eigenvalue of Hy, which has only one corresponding eigenstate. This
means EY # E° for all states b # a. Such a state |a") is called non-degenerate.
Then Eq. (5.8)) provides for b = a

E} = (a"|Va®) (5.9)

and for b # a
BV a’) = (B = E)(%la") .

As the states |°) form a complete system we find

@) = LI = X ) (5.10)

E 0
bwithb#a @ b )

where Eq. (5.5) has been applied for b = a. Then we obtain

In first order of perturbation theory the non-degenerate state |a®) exhibits

e a shift in energy by the expectation values (a®|V|a®) of the perturbation

potential for the unperturbed state.

e the admixture of other eigenstates |b°) of Hy, see Eq. (5.2), which is domi-
nated by states with an energy E}) ~ EY.
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Multiplying Eq. (5.7) with (a’| one obtains:
(a”|Hola®) +(a’|V|a') = BQ(a’]a®) + By (ala')  +E}
—— S——
=FE9%(a%|a?) =0 due to Eq.
and using Eq. (5.10]) one obtains:
a® V bO 2
b#a a

Thus we find in second order perturbation theory

e The ground state is always shifted to lower energies

e Strongly coupling states (i.e. large matrix element (a°|V[b°)) which are close

in energy (small |EY — E°|) repel each other.
b a

FExample: A one-dimensional harmonic oscillator is perturbed by a quadratic term:

P 1 1
Hy = 2p—m +me?, V= Sma’i?

Calculate the energy shift up to second order and compare the result with the
exact solution.

Egs. (5.9)5.11) provide the energy shift £, ~ ES + E} + E2 + ... with

1
E° =hw (n + —)
2
1

A 1
=(n|VIn) = gma*(n|d*In)

Z! kIVln \2 ( ) Z! k’|i“2\n !2

The matrix element for #2 have been calculated as an example in
Sec. 2.1 with the result

(n + 2|z%n) ——\/n—l— )(n+2)
ﬁ
<n]1:2|n> = M(Zn +1)

h
(n —2|z%n) = Y n(n —1)
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We now get
2 h 1 a2 1
Elzma—Q 1 = — — hw —
R T Z(w) (n+2>
22— ma® h o\’ n(n—1)+(n+1)(n—|—2)
"2 2nw 2hw —2hw

1 ran4 1
=——(—) hw|n+=
8 (w) ( 2)
In our example one can calculate the eigenstates of Hy+ \V exactly
as this is just a new oscillator with frequency vw? + Aa?. The exact

eigenvalues are thus E,(\) = ivw? + Aa?(n + 1/2) and Taylor expan-

sion in A provides
2 4
_ U 3 E
E,(\) = hw (1 + >\2w2 A + O{A }) (n+ 2)

Suw4

This fully agrees with E° + AE! + A\2E2? + O{\3} with coefficients FJ
evaluated by perturbation theory.

5.1.2 Degenerate case

Now we assume that there are several states |7, a®) with i = 1,2, ... N which are all

eigenstates of H, with the energy EY. This is called a degenerate level. Replacing
|a®) by |i,a") in Eq. (5.6) and multiplying by (j, a°| provides:

Vi = (j,d|V]i,d®) = E} 0;; (5.12)

This is contradictory if the matrix Vj; is not diagonal. As V}; is Hermitian, there is
aset of N orthonormal columns ¢\™ with n = 1,2, ... N, which satisfy 3, V;;c!™ =

Encg."). Now we choose the new eigenstates
7% = > e”li.a%)
i

of ﬁo, which span the same subspace as the original states |7,a"). In this basis we
find
(i, a®|V |7, a®) = Z cg-m)*Vjicg") = Z cg-m)*Enc;-n) = Enlmon
12 J
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and Eq. (5.12)) provides that the changes in energy in first order perturbation
theory are just the eigenvalues of the matrix Vj; in the subspace belonging to the
degenerate level EY.

This can be summarized by the following operational rules to determine the effect

of the perturbation potential on an energy level E? which is degenerate.

1. Identify all pairwise orthonormal states |i, a®) satisfying Holi, a®) = E°|i, a°).
Here i = 1,2,... N, where N be the number of these states. (One calls
such an energy as N-fold degenerate.) These states span the N-dimensional
subspace M of the ket-space.

2. Calculate the N x N matrix Vj; = (4, a®|V]i, a%)

3. Determine the N eigenvalues F,, and corresponding eigencolumns c§-n) of the
matrix Vj;. Apply the normalization ) \c§n)]2 =1

4. Construct the new states |1, a®) = 32, ¢™]i,a®) which form an alternative
ON basis for the subspace M.

5. The new basis states exhibit the energy shifts £}, = F,, in the first order of

perturbation theory.

The second order can be performed analogously to Eq. (5.11)) provided that the

the new basis |7, a") is used.

5.1.3 Example: The Stark effect

Consider a hydrogen atom in an external electric field &€ = £e,. The electric
potential ¢(r) = —Ez provides the perturbation

~

V =e€2

taking into account the charge —e of the electron.

The unperturbed levels are the known states |n,l,m) of the hydrogen atom
which are numbered by the principal quantum number n = 1,2,... and the an-
gular momentum numbers [, m, where [ is restricted to [ = 0,1,...n — 1. From
elementary courses we remember the energy eigenvalues

o1 1
3~ —13.6¢V (5.13)
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where ap = 4megh?/(m.e?) ~ 0.529A is the Bohr radius. The spatial representa-

tion of the corresponding eigenstates reads

1
<I'|’I’L, l; m> = gbn,l,m(ru 07 gp) = ;unl(r)Ylm(07 SO)

with the spherical harmonics Y™ (6, ¢) given on page |56 The radial functions

U (r) are normalized as

/ dr W (1)U (1) = Oprm,
0

and read

I+1
(n—101-1)! 2r 2r r
. L2l+1 o
thni( \/ 2n[(n + 1)1 <na3> "\ nag P nag

with the Laguerre-Polynomials:

) = ey (o) and L) = (1 o

In particular this provides:

r ( . r ) ( r ) r r ( r )
Uy =——= — —Jexp | —— Ug] = ———=—¢6xXp [ ——
20 2a%, 2ap P 2ap 2 \/6a% 2ap P 2ap
which is used in the calculations below.

The ground state n = 1 is non-degenerate. (Spin is not considered here, as it
does not show any interaction with the electric field.) In the following we work in

spatial representation. The first order in perturbation theory provides

~ 1 1
E}L:l = <1,0,0|V|1,0,0> = d3’]"— eXp <—L> 682 exp (_L> — 07

/a3 /a3
Tay Tay aB

as the integrand just changes its sign for +z. The second order provides a lowering

of the energy.

The first excited state n = 2 has a fourfold degeneracy. The corresponding
states are |1) =2,0,0), |2) =2,1,0), |3) =2,1,—1) and |4) =|2,1,1). Now the
matrix (i|V|j) has to be determined in this subspace. Due to symmetry most of

the matrix elements are zero, as shown below.
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o (n,I',m|%|n,l,m) =0 for m # m’
Proof: As [L., 2] = [(2p, — Up=), 2] = 0 we find
0= (n',I',m!|[L., 2]|n.l,m) = B(m' —m)(n',I',m’|2|n, 1, m)
For m # m/ one can divide by A(m’ — m) which proofs the conjecture. O

o (n',l,m|z|n,l,m) =0
Proof:
/ 2 3 1 1 m 2
(n',l,m|z|n,l,m) = [ d r;un/l(r)z;unl(r) 1Y,"(0,¢)]

Under the inversion r — —r the absolute value r is conserved and z — —z
while the spherical harmonics receive a factor (—1)!. Thus the sign of the

integrand changes and the total integral is zero. [

e Direct evaluation provides:

1 % 1
(2,0,0]2]2,1,0) = /drd¢dcos6r2;u20(r) (Y28, ¢)] rcos&;uﬂ(r)YlO(H, ©)

V3 , 1 r r
= /de@dCOSQE(COSH) m (1 — %> exp <_£) = —3CLB

Together this provides the matrix

0 —3eEap 0 O
Vi, — —3efap 0 00
0 0 00
0 0 00

The eigenvalues are obtained from the secular equation
0 = det (V;j - Eé@j) = EZ[E2 - 9(65@3)2]

resulting in the four eigenvalues and corresponding eigenstates

By = —3efap —|1) = % (1) +12) = % (12,0,0) +2,1,0))
1 1

Ey, =+ 3eap —2) = —=(|1) = 2)) = (12,0,0) — |2,1,0))

Eyi =0 S =13 = 12,1,-1), )= |4 =2,1,1)
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— «r|2,0,0>
. z;:%:(b Figure 5.1: Wavefunctions for differ-
— - fis? ent states of the hydrogen atom as a

function for z for fixed z = 0 and

¥ (arb units)

i 20 __,’/—\ \\‘ y = 0. The density of the state
\{J S 1) = (12,0,0)+]2,1,0))/v/2 exhibits
s~ an average shift of the electron den-
-10 -5 0 5 10 .
z/ag sity to the left.

Interpretation: The wave function ug (r)Y*(6, ¢) is positive for z > 0 and neg-
ative for 2 < 0. wug(r)YL (0, ) is negative for r > 2ap. Thus the superposition
of both functions in the state |1) is constructive for larger negative z values and
destructive for larger positive z values, see also Fig. . Thus the state |1) exhibits
a shift of the electron density to negative z values, corresponding to an electric
dipole moment pointing in z direction. As it is aligned with the electric field the

energy of the state is lowered.

5.2 Time-dependent Perturbation Theory

In contrast to the stationary perturbation theory, where approximations for the
eigenstates of the perturbed Hamiltonian are evaluated, we consider now the time
dependent |¥(#)) of a system, which is prepared in the state |¥(0)) = |a°) at ¢t = 0.
Again we separate the Hamiltonian into a solvable part and a perturbation, see
Eqgs. (5.1]p.2)). The dynamic evolution is given by the Schrédinger equation

ih%hl/(t)) - [HO + V(t)} U (%)) (5.14)

Of particular interest is the probability P,(t) to find the system in another eigen-

state |b9) of Hy at a later time ¢, which can be evaluated via
Py(t) = [(°[T()[* for [¥(0)) = |a") (5.15)

Without the perturbation (i.e. V = 0), we find |¥(t)) = e at/"|a%), as |a°) is an
cigenstate of Hy. Thus Py(t) = 0 for b # a while P,(t) = 1 and the system stays
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in state |a®) forever. However, for a finite perturbation V(t), the state |a®) is no
longer an eigenstate of the full Hamiltonian (/5.1]) and the time-dependent solution

of the Schrodinger equation provides admixtures by different states |bY).

In order to evaluate |W(¢)) perturbatively, it is convenient to apply the interaction
picture. This concept is of rather general use in quantum mechanics and will be
introduced in section It significantly simplifies the calculation so that the

general result can be directly obtained in section [5.2.2

5.2.1 Interaction picture (Dirac picture)

For H = H, the time-dependence of an arbitrary state |W(t)) is given by, see

B (C39)

where the definition ((1.29)) for a function of an operator was used. In order to
treat the perturbation V(¢) we want to treat the dynamics of Hy exactly. Thus

we make the ansatz:

where [UP(t)) is the ket in the interaction picture (also Dirac-picture, thus we use
the index D). With Eq. (5.14) we obtain
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where we used the fact that [Hy, exp(iHyt/h)] = 0, and defined the operator in

interaction-picture
. Hot \ -~ Hyt
VP(t) = exp (i%) V(t) exp (—i%) (5.17)

In the interaction picture all states and operators have a modified time dependence.
Thereby Hy does not appear in the equation of motion 1} for the states.

5.2.2 Result

Using the initial state |¥(0)) = |a") at ¢t = 0, the differential equation (5.16)) can
be formally integrated as
1/t ~
wP(t)) = |a®) + %/ At VP ()| wP (') (5.18)
1 Jo

We find that for short times and small perturbations V = (VP(¢)), the state

hardly changes and thus one may expand
Vit
wo0) = 1) + 0 { 1}
Inserting this into the integrand in Eq. (5.18]) providing
D 0 1 t 1 YrD(41\],,0 Vit ’
U2 () =la”)+ = [ V7)) +0< | — (5.19)
ih /o h
We are now interested in the probability P, (¢) to find the system in state |0°) at
time ¢, which is given by [(b°|¥(¢))|?
Pyt) = [0 @ (1)) 2 = (3l B M@ (@)]* = [(0]e MW (@))]* = (0@ p (1)
where we used (0°|Hy = (b°|E?. Thus we find for b # a in lowest order in V.
2

1

= / at’ (072 (#)]a) (5.20)

11 Jo

Py(t) =

This result is commonly used if one wants to study the impact of short laser pulses
on atomic states. If the pulse has a finite duration T, it follows VP (t') = 0 for
t" > T and Py(t) is constant for ¢ > T. Thus the transition probabilities only

change while the perturbation signal is active.
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5.2.3 Action of a laser pulse on a hydrogen atom

A hydrogen atom is in the ground state |g) = |n = 1,1 =0,m = 0) for t = 0. A
short laser pulse of duration 7 with the electric field £(t) = & sin(wt)e, provides
the perturbation potential

V(t) = e&sin(wt)2
for the time interval 0 < ¢t < 7. Here we want to calculate the probability P to find
the atom in the state |e) = |n = 2,1 =1,m = 0) after the pulse.

In order to apply Eq. (5.20), we have to evaluate <eH7D (t)|g). Inserting Eq. (5.17)

and using

ex —igot, lg) = ex —iElt/ lg) and (e|ex iﬁot/ = ex iEQt/ (e]
p 7 g) = exp 3 9 p A = €xp 3 )

which follow immediately from Eq. (1.29)) if one applies the eigenstates |n,l,m) of
f[o, we find

N H(wegtw)t' _ Al(weg—w)t’ E —FE
(e[VP(t)|g) = = 216 ebolelzlg) with w,, = == = 1.55x10'°/s
Using the expression from pages [56] and [97] the matrix element reads

U10 (7”)
r
oo 1 2 A 2 ) 32 oo ! a2
= dr/ dcos@/ dp—————cos” fe™" aB:/ dr———e 2"/°95
/0 -1 0 ¢4ﬂﬂ ag 0 3v/2a%
272
= 5 ap
Together this provides us with the transition probability

U21 (T’)

(e|z]g) :/r2 sin Odrdfde TYlo(H, ©)rcos b Y3 (0, 0)

2 3 ’ : 72
27\/5650@; T el(weg+w)t’ _ gi(weg—w)t
Po= |0 / 21
3°h /0 dt 2i (5.21)
2 .
B 2"\ 2eEpap ellwegtw)™ _ ] N ellweg—w)T _ 12
B 3°h 2(Weg + w) 2(Weg — W)
2
_ 27\/2e&yap il )2 sin((weg + w)7/2)
3°h Weg + W
4 i/ S ((Weg — W)T/2) CE>)

Weg — W
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Figure 5.2: Transition probabil-
ity according to Eq. for a
laser pulse with & = 10*V/m
and a duration of 5 cycles, i.e.
7 = 10m/w. (Such ’attosec-

ond’ pulses with few cycles are a

Transition probability
o o o
o w EN

o
iy
T
I

topic of research at the division

|

0.5 1 1.5 2

o, of atomic physics in Lund.)

In Figure the probability is plotted for a pulse with 5 cycles. We find that the
transition probability peaks around the resonance frequency w ~ we,. For other
frequencies, the oscillatory terms e/@est@)t" and el@Wes=)" in Eq. provide no
result for sufficiently long integration times 7. Indeed the width of the peak around

W A Wy is of the order 1/7.

As P o< &, see Eq. , the probability become four times larger, if one doubles
the laser field strength. In the case of Fig. [5.2] this provides probabilities above
one, which are clearly wrong. This indicates the breakdown of the perturbation
theory, as the higher order terms in Eq. become of crucial relevance.

5.3 Fermi’s Golden Rule

The t'-integral in Eq. (5.20) is easily solvable for fictitious perturbations of the
form

V(t)=Fe ™
resulting in the transition-probability

Py(t) = [(°|F|a®)|* Dy (E) — E? — hw) for b#a (5.23)

with the auxiliary function

2

1 [t 2 SAEt/h
D.(AE) = | = 4+ iAEU /b _
{AB) 'h/o ¢ iAE o
5.24
iaEy/n —iAE¢/p 2 - 2 (AE
i%t/he 2 e 2 - 4 sin ( B t/h)

- iAE - AE?
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1
0.81

Figure 5.3: The function D;(AE) from ,: 0.6F
Eq. (5.24). As h = 0.66¢V/fs the energy ;‘ 04l
scale is 0.66 meV for ¢ = 1 ps (semicon- i
ductors), 0.66 eV for ¢ = 1 fs (molecules), 0.2r

and 0.66 MeV for t = 1072! s (high en- ‘ ‘
. %10 0 10 20
ergy physics). A E [1t]

Figure shows that D,(AF) has large values only for —27h/t < AE < 2wh/t,
where the maximum D;(0) = ¢*/h? increases rapidly with time. Furthermore a
glance to a table of integrals gives [~ dxD,(z) = 2rt/h. Thus we define the
function "

0 (AE) = %Dt (AE)
which is a representation of the d-function in the limit ¢ — co. Now we consider

two typical cases:

(i) Setting w = 0, i.e. considering a constant potential V(t) = V, we obtain from
Eq. (5.23))
2t 1o 2 0 0
Pa—>b(t) = _|<b |V| >| 5t(Eb - Ea) (525)
(ii) Now we consider periodic perturbation potentials. Being a part of the Hamilto-
nian, V(t) is a Hermitian operator, The most general form of a Hermitian operator

containing a single frequency component w is

V(t) = Fe vt 4 pigiwt
Treating both terms separately (which is possible for ¢t > w/2m, where the &,

functions do not overlap) we obtain

27t 27t
Pop(t) = —KbOIF\ NP E) — E, — hw) + —|<b0|FT| OBy — Ep + hw) .

(5.26)
The function §;(AFE) can be replaced by a d-function, if the following conditions

are met:
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e There is an integration over a continuum of final states [0°) or frequencies w
with amplitude F,, as the d-function is only properly defined together with

an integral over its argument.

e The observation time ¢ is sufficiently long, so that the matrix element |(6°|V]a?)|?
(or [(B°|F,|a)|? ) is approximately constant within the energy range |E? —
EY + hw| < 27h/t of the allowed final states b (or frequencies w).

e The perturbation V is sufficiently weak, so that the probability to reach any
possible state >, F5(t) does not reach unity within the observation time.

Replacing 6;(AE) by 0(F) in Egs. (5.255.26) we find that that B,(t) increases
linearly in time and it makes sense to define I',_,, = B,(t)/t as the transition rate

from state a to state b. This provides

Fermai’s golden rule:

For a time-independent perturbation potential V the transition rate from state a
to state b is given by

©|V]a)Po(Ey - EY) (5.27)

2T
Fa—>b = €|
Thus transitions require the same energy of the initial and final state.
A periodic perturbation potential V(t) = Fe Wiy Flel“t with frequency w provides

2
Fa—>b - €|

A 2 A
(b F|a®)[*0 () — Eg — hw) + %I(bOIFT|a°>I25(Ez? — By +hw) . (5.28)

In this case transitions are only possible if the energy of the final state is hw

higher/lower than the energy of the initial state. This corresponds to the absorp-

tion/ emission of the energy quantum hw from/to the oscillating field, respectively.

Note that Fermi’s golden rule provides a constant transition rate, i.e., a linear
increase of the probability P,(¢) for the system to be found in the new state. This
essentially differs from the behavior found for the Rabi oscillation (see exercise),
where P,(t) o< sin?(Qpt/2), and thus in the beginning P,(t) o t? is found. The
reason for this difference is that one has a system with two states and a fixed
frequency in the Rabi oscillation scenario. Thus there is neither a continuum of
final states |b°) nor of frequencies w, as required for the replacement of &;(Ep —
E° + hw) in Eq. by 6(EY — E? + hw). Indeed, from the definition (5.24) of
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Dy(EY — EY + hw), we recover the correct initial power law P,(t) oc t2, if the laser

field is in resonance with the energy difference of both states.

5.3.1 Example: ($-decay of the neutron

Nuclei are eigenstates of the strong interaction but not necessarily eigenstates of
the weak interaction, which causes transitions between different nuclei. For the

[-decay of the neutron the following many-particle states are of relevance:
e A neutron (in rest):
State |a®) with energy E? = m,,c?

e A proton (almost in rest) + free electron with wave vector k. + free antineu-
trino with wave vector k,:
State |0°) = |k, k,) with energy

E) = m,c* + Vm2ch + h2c2k2 + \/m2c* + h2c2k2

where we take into account a possible finite mass m,, of the neutrinos]

In addition we assume that the matrix element |(k., kV|Vweak interaction|@°) |2 = ¢
is constant. (This is a point-interaction, as assumed by Enrico Fermi 1934.) In a
typically experiment, the momentum p, = hk, of the final electron is measured.

Thus, we want to evaluate the transition rate to a final state k., with arbitrary k,

2
Lok, = / d’k, %92(5 (my — m,)c® + \/m2ct + p§c2j+\/m?,c4 + h2c2k2
Ak dk, ——A(p.)

Now, we use the relation

/ dz g(x)d(f(z)) = Z % where f(z;) =0 with a < z; <b

and define the step function by ©(x) =1 for x > 0 and ©(x) = 0 for x < 0. After

a few lines of algebra we find:

8mg? 2 2.4 2
Ik, = WA(pe)\/A(pe) —mZct O(A(p.) — myc)

2As indicated by Neutrino oscillations. Nobel price 2002 to R. Davis, M. Koshiba, and R.
Giacconi, http://nobelprize.org/nobel_prizes/physics/laureates/2002/phyadv02.pdf)
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e

N mV=0
— mV=O.O1me
mV=0.02me
S mv=0.05me
m =0.1m

A% e

Figure 5.4:  Probability (in arbitrary

units) to find a specific momentum p, of

the electron after the neutron decay as-

Probability to observe p

suming different masses of the antineu-

215 — '212' — '2,125' 23 235
p/m.c trino.

which shows a characteristic momentum dependence for small A (i.e. close to the
maximum electron momentum), as displayed in Fig. . Fitting to experimental
data provides a rather small upper limit for the neutrino mass, currently 2eV/c?
from the S-decay of Tritiumﬂ (Note that for such small energies the kinetic energy

of the final nucleus becomes relevant, which was neglected for simplicity here.)

5.3.2 Example: Radiation transitions

Consider a hydrogen atom with the Hamilton operator

-9 2
N e
Hy= 2 —
2m,.  Ameg|r|
where the eigenstates are given by |a®) = |n,l,m,m,) with principal quantum

number n, and the quantum numbers for total angular momentum [, its projection
to the z axis my, as well as spin projection mg. An electromagnetic wave (light)
with frequency w can be described by the electromagnetic potentials (in Coulomb
gauge V- A =0)

A(r,t) = éEo(w) cos(k(w) -r—wt) and ¢(r,t) =0

3according to the Particle Data Group, W-M Yao et al., J. Phys. G: Nucl. Part. Phys. 33 1
(2006)
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Egs. (3.11}4.4) provide the Hamilton-Operator (here e > 0 is the elementary
charge).

o _[pteA P e €3
H= — S-B(r,t
2me 47T€0|I'| + gezme (r7 )
. e ) r—wt —i(k(w) r—wt
=Ho + ——Eo(w) - py (¢ 4 W)
e A i i(k(w) r—w —i(k(w) r—w
+ 962mes . k(w) X EO(W)% (e (k) R t)) + O<Eg>

For visible light we have k = 27/ ~ 27/600nm. In contrast the atomic size is of
the order ~ ap = 0.0529 nm, and atomic momenta are of the order h/ap. Thus
terms with kr (in the exponent) as well as the spin-term (Sk ~ A27/600nm < p)

are negligible in a first approximation.

The transition rate between two atomic levels a and b is given by Eq. (5.26))

2

2T € OBo(w) - pla®| [S(E — Y — hw) + 6,(EY — B° + huw)]

Fa%b(ﬂ - B [2maw

Thus, the radiation field is exchanging energy in portions of hw (photons) with the
atom. Accordingly the processes are called absorption and emission of a photon

by the atoms.

The size of the transition rate is given by the matrix element, which for |a®) =
In,l,m,m) and [b°) = |n/,I',m’,m.) is given by

(Bpla®) =(n', I, m!, m,jme~[Ho, #]|n, 1,m, my)

h
i ;
:mei—i(Eg,l, — Egl)\(n’, U',m', mi[tn, 1, m,m)
Vv

1
:_gdba

Using the properties of the spherical harmonics, one finds that the dipole matrix

element dp, = 0 vanishes unless I’ =+ 1, m\, = my, and m' =€ {m —1,m,m+1}.
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For an atom interacting with electromagnetic radiation of frequency w the tran-
sition rate reads

2

2n [6,(EY — ES — hw) + 6,(EY — B + hw)] .

E, - dg,
Fa%bzf —0 e

2

between the atomic levels a and b in dipole approximation (T ~ 1 and hk < p).
The possible processes are the induced absorption and the induced emission
of a photon. Both processes exhibit the same rate. The selection rules are
Al =41, Am =0,4+1 and Am, = 0.

Remarks:

e Taking into account the quantization of the electromagnetic field we have
FT £ F and the transition rates differ for emission and absorption. This can
be described by the additional spontaneous emission, which is also possi-
ble if the electromagnetic field is in its ground state (the vacuum fluctuations

of the field constitute the perturbation potential).

e Looking at the dipole matrix elements, we find

e, - dba =

#0 for Am =0 . d - =0 for Am=0
=0 for Am= =1 wly e #0 for Am = +£1

Within the basis |[,m) of the angular momentum eigenstates the z-axis
stands out, as L, is diagonal. For light propagating in the z-direction, the
z-component of Ej vanishes and we only find transitions with Am = =£1.
This is consistent with the intrinsic angular momentum =+ of photons in the
direction of propagationﬁ which is transferred in the absorption or emission

process.

e If one takes into account higher order terms e®T ~ 1 + ik - r, one obtains
the electrical quadrupole and magnetic dipole transitions. The latter also
include the spin-term in Eq. (5.3.2). In both cases one obtains different
selection rules than for dipole approximation but the rates are several orders

of magnitude smaller because of the reduced matrix elements.

4see, e.g. Section 4B of G. Grynberg, A. Aspect, and C. Fabre Introduction to Quantum

Optics (Cambridge University Press, 2010).
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5.4 Decay within a simple model*

Here we want to shed light into the meaning of the transition rate in Fermi’s golden

rule. Within a simple model, we show the following:

e Fermi’s golden rule leads to an exponential decay of the probability that the
initial state is occupied with the rate I'. Here I' is the sum of transition rates

to all possible states.

e The final states are distributed over a certain energy range with a Lorentzian

distribution function with a full width at half maximum Al.

e Fermi’s golden rule is valid if the finite states form a continuum or, in the case
of discrete states, are densely spaced with a separation in energy significantly
lesser than AI'. In addition the finite states must cover an energy range which

is significantly larger than Al.

For this purpose we consider the following model: An initial state |i) with energy
E; is coupled to states |k) with energy E; 4+ khe and matrix elements (k|V]i) =
where k = —N, —N+1,...N. Using Fermi’s golden rule ([5.27)), the total transition
rate I' to any of the final states k is given by

27| w|? 27 lwl?
F:ZFHk Z|w| (B, — E;) = h|€| /dEkd(Ek—Ei):%
k
(5.29)

where we used he Y, — [ dEj which is justified for small energy spacings he.

Now we perform an exact treatment beyond perturbation theory for comparison.
The interaction picture Eq. (5.16)) provides the equations of motion for the expan-
sion coefficients fi(t) = (k|UP(t)) and f;(t) = (i|¥P(¢)):
ihifk(t) = we™ fi(t) 1h f Zw e ke (1
dt ' '

For the initial condition f;(0) = 0, we find

fk (t) lu;i / dt/elket’ f’L( )
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and thus

1hifz( ) — |u)|2 / d¢ Ze—lket ') fz |U}| d Ze_lkEsz t— 7_ (530>

Now we have

i efikE‘r :efiNef % efik’e‘r _ efiNe‘r e_i(2N+1)€T —1 — Sln((QN + 1>€T/2)
e~ — 1 sin(et/2)
k=—N k'=0

~2 sin (—(2N ! 1>”) = o(7)

€T

where we assumed 7 < 1/e (condition I). Now this auxiliary function g(7) satisﬁes
Jy° drg() = 7 /e, where the main contribution is from the range 0 < 7 < (2N+1)
Indeed, one can show that

2

m (not the best bound)
€

If now the function f;(t—7) is approximately constant on the time scale 7 < (21\/2—11)6
(condition II), we may replace f;(t—7) by f;(t) in Eq. (5.30). Then this differential
equation is easily solved and provides for the initial condition f;(0) = 1:
27 |w|?

h2e
Thus the occupation probability of the initial state |f;(t)

fi(t) =eT? with T =

(5.31)

|? decays with the rate T,

which is the sum of rates from Fermi’s golden rule.

Finally, we find

w ! / w 1 )
1) = — dt'e iket! \—T't'/2 _ iket—T't/2 1
fi(?) ih/ ¢ ihike — r/2 (e )

which provides the occupation probability

, € r eh hI’ 1
_ _ch f — . (5.32
O = G 194 ~ 2 (Be— B erea O PP 032

Thus the initial state is spread towards different final states with energies in the
range |Ey — E;| < AL, The distribution function in energy is a Lorentzian with a
full width at half maximum (FWHM) of Al

Egs. (5.31)5.32) show, that the initial state decays on the time 1/I", which allows

us to quantify the two conditions for the approximations used above.
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Condition I For consistency, the time difference 7 = ¢t —t' must cover the range of
several decay times 1/I". Thus we need € < 1/T". Physically, this means that
the spacing between the final levels must be significantly smaller than Al
Furthermore, the total observation time must not surpass 1/e. (Alternatively,
we can assume a dephasing of the final levels within this time scale due to

processes not included here)

Condition IT As f;(t) is changing on the time-scale 1/I', we require 1/T" >

ﬁ or Neh > hI'. Thus the final states must cover a range of sev-
eral AI' around the energy of the initial state. This makes sense, as such a
range is also finally occupied, see Eq. .



Chapter 6

MANY-PARTICLE QUANTUM
MECHANICS

Real systems are always based on interacting particles. Up till now we studied
single particles in the presence of external potentials which are in fact an approx-
imation for the interaction with the rest of the world, see, e.g. Sec.[2.4.1] Now we
focus on systems of interacting particles, which constitute already a big problem in
classical physics. A particular problem arises in quantum mechanics if we consider
identical particles exhibiting the same physical properties (such as mass, charge,
etc) so that one cannot distinguish them in any type of measurement. Thus we
have to consider two cases seperately: (i) distinguishable particles like the proton
and the electron in a hydrogen atom, (ii) identical particles like several electrons

in an external confinement.

6.1 Distinguishable Particles

In analogy to the case of positronium (Sec. we define the quantum state
|U) of a system of N distinguishable particles (numbered by 1,2,...N) as an
element of the product space H1 @ Ho ® ... ® Hy which is spanned by the basis
{]gpgl)) ® ]gp%?) ®... \go%)}} Here {\cp?(f))} is a ON basis of the ket space H,; for
the particle of sort i. Thus, any N-particle state |¥) is uniquely defined by the

113
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complex expansion coefficients ¢, n,..ny via

W)= D Cumennlei) @00 @ @ [pl) (6.1)

ni,..nN
In the following, we restrict to two-particle states for convenience. The general-

ization to larger numbers N is straightforward.

The bases states |90511)) ® |go,(3)) are supposed to form an ON basis of the product

space, so that their inner product is defined as

1 2 1 2
(tow1 ® (D) @ [65)) = (e e e |el?) = wndmm (6.2)
Exploiting the linearity of the inner product, this defines the inner product of

arbitrary many-particle states from the same product space.

6.1.1 Product states versus entanglement

Note, that only few elements of the product space are product states, i.e. they can

be written as a single direct product

|\Ij>Product state — |¢(1)> & |¢(2)>
with appropriate states [1)()), |¢(®)) from the respective single particle spaces. Ex-

panding M) =3 anet) and [¢?) = Yo bn| %)) we find with Eq. 1} the
expansion coefficients of such a product state

Product state __
Chrm = apby,

This sets a lot of restrictions to the set of coefficients C}loduet state g,

Product state . vProduct state
0172 0271 — a1b2a2b1

P P tat
— Cl Jioduct statecvzgoduct state

must be satisfied. Thus states like
Lo @y, 1, o @)
) = ") @ o) + =) ®
| > 2|901 > |902 > \/§|802 > |901 >

where all ¢,,, are zero except for cjo = ¢ = 1/ \/5, can in principle not be
written as [1p™M) @ |¢®)). Such states are frequently called entangled states and

their properties can be employed for quantum information processing tasks.

The most important message is: Almost all states cannot be written as product
states! (Actually, there is a common misconception that all states of the product

space can be written as product states.)
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6.1.2 Example: Hydrogen atom as a two particle system

The hydrogen atom consists of two particles, an electron (e) and a proton (p).
The two-particle state |¥) is accordingly a state of the product space between
the electron space and the proton space. Now we use for both states the spatial
eigenstates |r.), |r,) as a basis and the spatial representation of the product space
becomes

U(re, 1y, t) = ((re] @ (rp[)| W)

This two-particle wave function ¥(r,,r,, ) has the following interpretation:
|V (e, 1, t)|2A%r.A3r, is the probability to find the electron in the volume Adr,

around r. and the proton in the volume A3r, around r,.

Of course this requires the normalization
/ Erodr [ U (v, ey, )P = 1.

Any operator acts on both particles. E.g., the operator for the total momentum

reads in spatial representation lsfcf% = ?(Vre +V,,), and the expectation value is

(Piog) = /d?’red?’rplll(re, rp,t)*?(v% + V, )V (re, 1, t).

The Hamilton operator of the system reads

2 2 2 2 2
HR = — h ON_ M (O _ e (6.3)
2m. \ Or, 2m,, \ Or, Admeg|re — 1y

Now we look for the solutions of the stationary Schrodinger equation

]flgR\If(re, r,) = E¥(r.,r,)

If we introduce the relative coordinate r = r.—r, and the center of mass coordinate
R = (m.r. + myr,)/M with M = m, + m,, we find:

ai\p(R r) = a(;\p(R r)me 83 (R, )
(ai)z\i/(R, r) = ( ) (%) + 2— %IJ(R, r)= + (%)2@(3, r)
<%)2®<R, r) = < ) (mﬁ) - %@(R, w% + (%)Qxif(R, r)
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Together this provides

SR AN AN AT
SR I G I G (N R
Hy W (R, x) = ( 2M (8R) 20 <8r> 47reo|r|> Y(Rx)

with the reduced mass p = (1/m. + 1/m,)~". Hj is separating in the variables

R, r which allows for a product ansatz for the wave-function:

n*K?
2M

\il(R, r) = WeiK'Rqﬁnlm(r) with IEIO\I/(R, r)= <

+ En) ¥(R,r)

Here E,, and ¢y, (r) are the eigenvalues and eigenfunctions of Eq. (5.13]) where the
electron mass m, is replaced by the reduced mass p. The bound state as a whole,
i.e. the hydrogen atom, acts as a free particle with the total mass M. Obviously,

one cannot seperate W(R,r) = f(r.)g(r,) and this is an entangled state.

In the ground state the atom is in the state [n = 1,1 = 0, m = 0, K = 0) regarding
the orbital degrees of freedom. Let us now consider the spin degrees of freedom.
This problem is analogous to the positronium discussed in Sec. 3.4.2] where the

index p now stands for the proton instead of the positron.

The interaction between the spins can be quantified by the operator

~ A

V= f(r.— rp)ge .S,

For the ground-state we have a four-fold degeneracy if there is no spin-spin inter-
action. The matrix of the perturbation potential becomes diagonal if we consider

the eigenstates for the total spin S=8S.+ Qp and we obtain the energies

fo

Eo =— 32
o S

_h
4h?

for the singlet

Er for the triplet

with fo = [&re [ Prpf(re — 1)Vt i=0m=0,k=0(Te, Tp)[>.  This splitting by
4foh*/4 = 6ueV is called hyper fine structure and we find that the ground state
with total spin S = 0 is non-degenerate. Note, that the corresponding energy

difference is significantly smaller than the fine structure discussed in Sec. [3.4.3]
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6.2 Identical Particles

In classical physics, particles have individual trajectories. Thus even for particles
with identical properties (such as mass, charge, and further interaction strengths),
one can follow the particles individually and thus it is possible to provide a labeling.
Such a path does not exist in quantum mechanics and some care has to be taken

when treating identical particles.

6.2.1 Symmetry of two-particle states

Like in the preceding section we start with a basis {|a,)} of the single-particle

states and any two-particle state can be written as

) = Z\I}nm|an> ® |am)

Now we define the transposition operator T by its action on the states of the tensor
product as
Tlan) ® |am) = |an) @ |an)

Thus this transposition operator just exchanges the states of (1) and (2). Using
Eq. 1} it can easily be shown that T is Hermitian. As T2 = 1 its eigenvalues
can only be 1 or —1 and the corresponding eigenstates are called symmetric or

anti-symmetric, respectively.

Any operator acts both on the first entry of the tensor product, labeled by (1),
as well as on the second entry (2). For example the kinetic energy is given by
PW)2/2m + [pP)?/2m and the Coulomb interaction between the particles by
e?/(4r|#(M) — £2)]). Both operators are identical upon exchanging the indices (1)
and (2) and the same holds for any physically meaningful operator A of the two
particle space, as otherwise there would be a way to distinguish both particles.
Thus we find
TAlay) @ |am) = AT |ay) @ |am) -

As this holds for any basis state of the ket space, any physically relevant operator
satisfies
[A,T]=0. (6.4)
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Consequently, a common set of eigenstates exists and the eigenstates of all two-
particle operators can be classified as symmetric or anti-symmetric. This holds in
particular for the Hamilton-operator determining the evolution in time. Thus, if

a state is (anti-)symmetric once, it will be so forever.

Now experience with all known physical systems can be summarized in the

Symmetry-Postulate:
e Systems of particles with integer spin (bosons) are eigenstates of T with
eigenvalue 1.
e Systems of particles with half-integer spin (fermions) are eigenstates of of

T with eigenvalue —1.

In this context the spin is the total spin for a compound particle. Thus the *He
atom is a boson and the *He atom is a fermion. Although their electron configu-
ration is identical, they exhibit quite different low-temperature properties. As the
symmetry properties determine, whether the mean occupation of a single particle
level in equilibrium follows the Bose-Einstein or the Fermi-Dirac distribution, the

symmetry postulate is frequently referred to as Spin-Statistic Theoremll]

The basis states |a,,a,,) = |a,) & |an,) generally do not satisfy the symmetry

postulate. However they allow for the construction of appropriate states

e Symmetrized states for bosons:

|an, m) s (|an> ® |am) + |am) @ |an>)

1
VoG

e Anti-symmetrized states for fermions
s s = (1) © o) — o) © o)
V2

By construction we find |a,,, )4 = 0, if n = m. This provides the Pauli-Principle,
stating that the same single-particle state (or level) must not be occupied twice

by fermions.

IThis theorem can actually be derived from relativistic quantum mechanics and symmetry
considerations, W. Pauli Phys. Rev. 58, 718 (1940)
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6.2.2 Permutations and extension to N-particle states”

A permutation £ is a bijective map of the set of numbers {1,2,... N} onto itself.
A common notation is & = (py, pa, . ..py), meaning that the number ¢ is mapped
to p; for i =1,2,... N, where p; € {1,2,... N} and p; # p, for i # j. There are
N! different permutations for a given N, which form a group with the multiplica-
tion §'E = (Pl 1y, - - - Py ) for & = (P1, 05, ... Ply) A transposition 7;; is a special
permutation, which maps the numbers ¢ — 7 and j — ¢, while all other numbers
are mapped onto themselves. A well-known theorem states: Each permutation
can be written as a product of either an even or an odd number of transpositions.
Correspondingly, the permutation ¢ is called even or odd, which is described by

the function 7 = £1.

Ezample: Name all permutations for N = 3, and provide the respective 7.

The N! = 6 different permutations are

& =(1,2,3), 1, =1 & =(2,1,3) = Tya, M, = —1

& =(3,2,1) =73, me, = —1 & =(1,3,2) = T3, me, = —1

& =(3,1,2) =Tamig, e, =1 & =(2,3,1) = Ty3T0, Mg, = 1
Note that 73712 # 712713, i.e. the permutation operators do not com-
mute. Furthermore, there are many ways to write & = Tom3 =

T13To3 = To3T12 as a product of transpositions, but all products require

an even number of transpositions.

For an arbitrary number N of particles, the basis of the ket space is given by the
elements

|ny) @ |an,) @ ... @ |any) (6.5)
which are ordered by the particle number. For a given permutation £ = (py, pa, . .. pN)
of the numbers (1,2,...N) the permutation operator ]55 exchanges in the N-

particle states the counting sequence of the particles

Pelan,) ®an) ® ... @ |any) = lan,) ®...0 |an,) ®... (6.6)
N—— S~~~

where p;=1 at position p;
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For the transposition 7;; the corresponding operator is called Tw Like in the
two-particle case, any physically relevant N-particle operator satisfies [121, Pg] =0
and the eigenstates of A and be classified according to their properties under

permutationsﬂ The symmetry postulate reads

e Systems of particles with integer spin (bosons) are eigenstates of all permu-
tation operators Pg with eigenvalue 1.
e Systems of particles with half-integer spin (fermions) are eigenstates of all

permutation operators f’g with eigenvalue 7.
Again, the basis states (6.5)) allow for the construction of appropriate states

e Symmetrized states for bosons:

ZP§|an1> ® |any) ® ... @ lany)

1

where N,, denotes, how often the index n appears in the set {ny,ns....ny},
obviously N = > N, holds.

e Anti-symmetrized states for fermions
1 A
|Gy, Qs - - 'anN>A = W ZWEPA(I?H) ® |any) ® ... ® ‘am\r>
RS

which can be written as a Slater-determinant

‘am)(l) ‘am)(l) ‘anw>(1)

1 (lan)® an,)® o an,)®

‘am)(N) ‘an2>(N)

|Gy ) ™)

where the upper index (j) denotes the position in the tensor product.

2Note that for N > 3 some transpositions do not commute with each other, thus not all
possible states can be chosen as eigenstates of all transpositions. A more thorough treatment

needs concepts from representation theory.
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6.3 Consequences of the Anti-Symmetrization

6.3.1 Single-particle operator

Consider the single-particle operator: Osp = sz\il O(i)7 which operates in the same
way on all particles. Typical examples are the kinetic energy p?/2m + p3/2m, or

an external potential V' (r1) 4+ V(T2).

The expectation value of an anti-symmetric two-particle state reads:

4(a,b[Ospla,b) 4 =3 ({a.b] = {b.al) (O + 0P (ja,b) ~ b, a))

N~ DN =

[ (a,]0W]a,b) — {a,50]b, a)
—(alOla)(bl)=(alOla)  ={alO[b){blay=0
- (b, alOW|a, b) + (b, alOW|b, a) +same terms with 0(2)]
:<b|0\;,(a\b):0 :<blé\b><;|:l):<blé|b>
=(alOla) + (b|O[b) = (a,b|Osp|a, b)

The expectation value of a single-particle operator is not influenced by the anti-
symmetrization and can be evaluated by summing the properties of the individual

states.

6.3.2 Two-particle operator

The two-particle operator Orp = O12 describes interactions between two parti-

cles. We find

N 1 A
A<a’7 b|0(172)|a7 b>A = 5 (<CL, b| o <b7 CL|) 0(1,2) (|CL, b> - |b7 CL>>
1 A A A A
= §<(a,b|0(1’2)|a,b> ~ (@010 b, a) ~ (b,a|0"2]a,b) + (b, aO"2]b, a) )
:(a,b|OA‘(,271)\b,a> :<a,b|(5(,2’1)|a,b>
= <(l, b‘OA(IQ) |CI,, b) o <CL7 b|O(L2) |b7 CL>
direc?rTerm exchar:gre—Term

In this case the anti-symmetrization provides an additional term, called exzchange

term, where the two-particle state |a, b) interacts with T!a, b).
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Counsider now the electron-electron interaction

62

o2 _
dreg|tM) — ()]

and the single-particle states in spinor representation (3.56) |a) — ¢, (r)xs, and
|b) — @p(r)xs,, where s, € {1,]} denotes the spin configuration in the column

Xsa : Eg
. 1

(@ blO(1,2)]a by = / &, / 01 a(r0) P D2 oo (r2) |xs 2
——

=1 =

- [ [ Erpioat) (I 3) dear) (1] xff) 4

47T€0|I‘i — I‘j|

Then we obtain:

47reo\rl —rj]

The first term is the classical interaction of two charge distributions with densities

|0a(re)[? and [pp(ra)[*.
orthogonal. On the other hand, if the spins are aligned, i.e. s, = s, this term

The second term vanishes if the spin states s,,s; are

(called ezchange interaction) lowers the energy. Thus the alignment of spins is

favored, which e.g. is reflected in Hund’s rules.

6.4 General Treatment of Many-Body Systems

In many physical systems (atoms, molecules, solids) the behavior is dominated by
the electron-electron interaction. Such systems are generally not exactly solvable.

Typically a hierarchy of approaches is used to classify different features:

Hartree-approximation: Consider product states of suitable one-particle states
while satisfying the Pauli principle

Hartree-Fock-approximation: Consider anti-symmetrized product states, pro-
viding an energy correction (Section called exchange energy E,.

Correlation effects: The 'true’ many-particle state is a linear combination of
many anti-symmetrized product states. This provides further corrections in
the energy called correlation energy E., which are notoriously difficult to

estimate.
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A common approach is density functional theory, which in practice works on the
basis of a one-particle Hamiltonian with an effective potential containing terms due
to the exchange and correlation energy. This allows for the treatment of rather
large systems. While it can be shown that this method can provide correct prop-
erties of the ground state, the treatment of excited states is more questionable.
Alternatively, Green’s function techniques or the exact solution of the many-body
Hamiltonian (often called configuration interaction) for few particles can be ap-

plied.
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